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ABSTRACT
Magnetic manipulation of non-spherical magnetic microparticles is important for 
applications in shape-based and magnetic-based separations such as waste management, 
disease diagnostics, drug delivery, and mining. Manipulations of magnetic microparticles 
also include chain formation to assemble compositions for electronics, drug loading designs, 
and magnetorheological fluids for smart armor, hydraulic brakes, and dampers. In microflu­
idic devices, separation-formation-effectiveness depends on the shape of the channel, the 
shear rate, and the magnetic field strength and direction.
Particle separation and chain formation involved highly complex and computa­
tional expense-demanding studies in microfluidic devices, magnetic fields, and particle- 
particle/wall interactions. This research took complex experimental studies and created 
simple theoretical and numerical studies for the dynamics of magnetic particles. The first 
study analyzed the rotational dynamics of paramagnetic and ferromagnetic particles in a 
simple shear flow and under a uniform magnetic field, as well as a numerical application 
in a Couette flow. In the second study, further theoretical analyses were derived for a 
three-dimensional rotation of both magnetic types. A paramagnetic particle was placed in 
a curved channel and under a uniform magnetic field in the third study. Finally, a two­
dimensional investigation on the dynamics of two Janus particles under a uniform magnetic 
field and in a simple shear flow was the focus of the fourth study.
In this research, the theoretical and numerical applications addressed how various 
magnetic types and particle shapes reacted in different magnetic field strengths, in addition 
to its directions, and under simple shear as well as channel flows. Among the following 
studies, micro-sized ellipsoidal and Janus particles demonstrated their rotation and migra­
tion behavior in straight channels, curved channels, and shear flows. The following studies 
support current and future studies in biomedical and industrial applications.
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1. INTRODUCTION
Particle dynamic research, in fluid flows and under magnetic fields, was developed 
for important manipulation strategies in biomedical engineering such as assisted drug trans­
portation (Dobson, 2006), drug loading (Campuzano etal., 2019; Kaewsaneha etal., 2014; 
Li et al., 2015; Moran and Posner, 2017; Su et al., 2019; Zhao et al., 2019), and cellu­
lar manipulation that either had natural magnetic moments or was labeled with magnetic 
beads to enhance disease diagnosis (Liu et al., 2009; Thien-Nga et al., 2002). Further 
studies included industrial applications such as mineral and metal separation (Oberteuf- 
fer, 1974) and smart fluids that were designed to combine magnetic particles and acted 
as shock absorbents for structures and dampers (Ashtiani et al., 2015; Yang et al., 2008). 
These methods required fundamental knowledge of electromagnetic theory to investigate 
how uniform and non-uniform magnetic fields affected particle size, shape (prolate/oblate 
ellipsoidal, spherical, etc.), and magnetic types such as diagmagnetics (silver, lead, copper, 
etc.), paramagnetics (aluminum, tungsten, sodium, etc.), and ferromagnetics (iron, nickel, 
cobalt, etc.). Magnetic particles were also either isotropic or anisotropic. Examples of 
magnetic isotropic particles were solid magnetic particles with specific magnetic suscep­
tibility, and polymer composite particles coated with magnetic nanoparticles that gave a 
magnetic susceptibility. Examples of magnetic anisotropic particles were Janus particles, 
named after the Roman god Janus, that consisted of either hemispheres with magnetic 
and non-magnetic materials, hemispheres made of two magnetic materials with different 
susceptibilities, or magnetic/non-magnetic spheres with a non-magnetic/magnetic caps Ren 
et al. (2012). Furthermore, under simple shear, Poiseuille, or Couette flows fundamental 
knowledge of particle dynamics in fluids was needed to understand a particle’s rotational 
and migration dynamics with and without a magnetic field. Many industrial, biomedical,
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and defense applications required micro-sized materials immersed in fluid flows, leading 
to gained notoriety and interest as a strategy to use less equipment, downsize waste, and 
decrease time for many applications previously mentioned.
Many separations in microfluidics were accomplished by passive and active methods. 
Passive methods were used to separate particles by deterministic lateral displacement (Li 
et al., 2018), and inertial separation with Reynolds numbers greater than one in channels with 
rectangular and square cross-sections (Masaeli et al., 2012; Syed et al., 2018). Separation 
and particle dynamics, however, were not limited to transportation in straight channels. 
Other research included inertial separation in single curved (Bayat and Rezai, 2018; Schaap 
et al., 2011), serpentine (Di Carlo et al., 2007; Ozbey et al., 2019; Wang and Dandy, 
2017), spiral (Albagdady et al., 2019; Lee et al., 2019; Rafeie et al., 2016; Son et al., 
2017; Syed et al., 2018; Wu et al., 2012), and wave channels (Zhou et al., 2018, 2019), 
all of which depended on a secondary flow - known as the Deans flow - and focused 
on the hydraulic diameter with trapezoidal (Albagdady et al., 2019) or rectangular cross­
sections (Bayat and Rezai, 2018; Schaap et al., 2011). For any channel design, the passive 
method was based on cross-sectional shapes and sizes, hydrodynamic flows, obstacle shapes, 
sizes, and placements inside a microfluidic device. By contrast, active methods included 
dielectrophoresis (Li et al., 2012; Zhu et al., 2010), magnetophoresis (Kim et al., 2009), 
and acoustics (Benes et al., 2001). Active methods depended on how magnetic susceptible 
the particles were, the magnetic material (paramagnetic versus ferromagnetic), particle 
size and aspect ratio, and location of the source that produces magnetic/electric fields or 
acoustics. Among the three methods mentioned, the first two were based on the curl of the 
electric/magnetic field that demonstrated a electric/magnetic force. Other active methods 
included uniform electric (Demetriades, 1958; Okagawa et al., 1974) and magnetic fields 
(Torres-Diaz and Rinaldi, 2014), i.e. non-electric/magnetic forces that were torque-based 
and controlled the rotational dynamics of particles. Applying uniform magnetic and electric 
fields were additional applications to G.B Jeffery’s popular theoretical proof of an ellipsoidal
3
particle in a viscous shear flow (Jeffery, 1922). Under weak or strong magnetic field regimes, 
the particles’ rotations were either slowed or impeded at a stable steady angle; thus, the 
hydrodynamic interaction applied a non-zero lift velocity perpendicular to the wall (Gavze 
and Shapiro, 1997). By understanding theoretical proofs of particle rotations under a 
uniform magnetic field (Sobecki et al., 2018; Stratton, 2007), additional numerical (Cao 
et al., 2018; Matsunaga etal., 2017, 2018; Zhang et al., 2018; Zhang and Wang, 2018) and 
experimental analyses were developed to explain how a particle’s position in a channel flow 
became affected, resulting in feasible separation strategies (Zhou etal., 2017a,b). Therefore, 
part of this research focused on the dynamics of ferromagnetic and/or paramagnetic particles 
under uniform magnetic fields and in low Reynolds number flows.
Smart fluid strategies included permanent staggered chains or clusters that were 
formed between two or more magnetic particles under a uniform magnetic field; this 
was performed in contrast to its dielectric counterpart, which separated under Brownian 
motion when the electric field was turned off (Kang et al., 2008; Long et al., 2019; Ren 
and Kretzschmar, 2013; Ren et al., 2012; Ruditskiy et al., 2013; Smoukov et al., 2009; 
Steinbach et al., 2016; Zhang et al., 2019). In simple shear flows, two or more particles 
either performed closed periodic orbits or they separated from each other due to their initial 
distance and orientation angle (Arp and Mason, 1977; Bartok and Mason, 1957; Darabaner 
and Mason, 1967; Darabaner et al., 1967; Lin et al., 1970; Van de Ven and Mason, 1976; 
van de Ven and Mason, 1976; Wakiya et al., 1967). In fluid flows, chain formation under 
a uniform magnetic field depended on the ratio of the viscous and magnetic forces - the 
Mason number - where higher values ruptured particle chains (Kang et al., 2012). Even 
though numerical studies focused on two or three Janus particles under a uniform magnetic 
field (Kim and Kang, 2017; Kim et al., 2017; Seong et al., 2016), a numerical model for 
two Janus particles in a shear flow needed to be analyzed, which was the last focus of this
research.
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For the past century, numerous journal articles were written that focused on manipu­
lating ellipsoidal, spherical, and Janus magnetic microparticles in uniform magnetic fields. 
Until the twenty-first century, particle dynamics were based on theoretical proofs because 
experimental analyses were either considered too expensive or dangerous, and numerical 
analyses were rare because fewer data results were obtained, even though complex particles, 
such as Janus particles, were at best approximate. Even some of the current issues include 
particles near channel walls, due to the particle-wall interaction because theoretical analyses 
were complicated to model, and were thus easier to study in experimental and numerical 
applications. Whereas, a particle in a simple shear flow was a simpler model and was 
best analyzed theoretically. Additionally, experimental and numerical results were needed 
to complement theoretical analyses to accomplish common goals on strategy development 
for drug delivery, mining separation, and smart fluids for brakes, pumps, and dampers. 
Thereby, the purpose of this doctorate research was to present novel theoretical and numer­
ical methods on the magnetic manipulation of non-spherical and Janus magnetic particles 
in viscous flows and under uniform magnetic fields based on their magnetic properties and 
channel shapes by which they are transported. Some of the theoretical papers compared 
the theoretical rotational dynamics of the elliptical particle of different magnetic materials. 
Other papers numerically analyzed how an applied uniform magnetic field affected the 
dynamics elliptical particle in channel flows or two Janus particles in simple shear flows.
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2. LITERATURE REVIEW
The theoretical and numerical developments in four published journal articles were 
presented to satisfy the research objectives. Paper I investigated the theoretical analysis 
of the rotational dynamics for paramagnetic and ferromagnetic elliptical particles in a 
simple shear flow and under a uniform magnetic field applied at an arbitrary direction. A 
numerical analysis studied their migration behaviors in a Couette flow. Paper II focused on 
a theoretical analysis of the three-dimensional rotation of paramagnetic and ferromagnetic 
ellipsoidal particles in a simple shear flow and under a uniform magnetic field. Paper III was 
a numerical investigation on the dynamics of a paramagnetic elliptical particle in a curved 
channel, in a Poiseuille flow, and under a uniform magnetic field. Paper IV exemplifies the 
dynamics of two paramagnetic Janus particles in a simple shear flow and under a uniform 
magnetic field.
For all four published journal articles, the research topics were similar, but each 
had a different focus. The research topics were the dynamics of non-spherical magnetic 
(ferromagnetic and/or paramagnetic) in viscous flows and under a uniform magnetic field 
applied at a direction and for different magnetic field strengths.
In Paper I, the rotational dynamics of paramagnetic and ferromagnetic elliptical 
particles were theoretically analyzed under a viscous simple shear flow and under a uniform 
magnetic field applied at an arbitrary direction. The theoretical equations were nondimen- 
sionalized, and each particle was affected by their own unique dimensionless number, Sp 
and S f , for paramagnetic and ferromagnetic particles, respectively. Both dimensionless 
variables were defined as the ratio of the maximum magnetic angular velocity (for their 
respective magnetic type) and the minimum hydrodynamic angular velocity, and each had 
an distinctive outcome based on magnetic type as well as the particle aspect ratio. In the ab­
sence of a magnetic field, the particles executed a periodic rotation and were symmetric for 
each half rotation. Under a weak magnetic regime, the particles still completed a periodic
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rotation, but the symmetry was broken. By contrast, under a strong magnetic regime, the 
particles’ rotations were pinned at a stable steady angle. For both magnetic types, a critical 
field strength was defined, Scpr and S J , and both particles were affected differently. Near the 
end of the study, both particles were studied separately by placing them in a Couette flow 
and under a uniform magnetic field to study their migration behaviors. The study showed 
that even when Sp = S f , both particles migrated differently, including when the magnetic 
field was applied in the same direction.
In Paper II, a theoretical three-dimensional rotation of paramagnetic and ferromag­
netic ellipsoidal particles in a simple shear flow and under a uniform magnetic field were 
considered. As opposed to Paper I, in Paper II, the particles’ azimuthal and polar rotations 
were analyzed. For a paramagnetic particle, its time-dependent rotation was examined, and 
the troughs and peaks of the polar angle were found as it oscillated towards the magnetic 
field plane and executed periodic rotations. Additionally, the stable steady angles were sim­
ilar to the previous paper. For the ferromagnetic particle, a theoretical equation could not 
be established for its time-dependent rotation, but out-of-plane critical angles were found 
for an arbitrary magnetic field strength and direction. In some instances, a ferromagnetic 
particle can perform closed loops around the critical point that is out of the magnetic field 
plane. Time-dependent rotations were calculated using numerical applications.
In Paper III, a paramagnetic elliptical particle was studied in a curved channel, under 
a uniform magnetic field, and for different strengths. The particle was initially placed either 
near the channel’s inner or outer curve and was transported by the Pouiseulle flow. As the 
particle completed a periodic rotation and exited the curved channel, the particle displayed a 
net radial migration either towards or away from the channel wall. Under a strong magnetic 
field regime, in a certain section of the curved channel, the particle attempted to rotate 
backwards towards the magnetic field relative to the particle’s position inside the curved 
channel. This behavior was unique compared to a particle placed in a straight channel, to 
which it was compared.
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Finally, in Paper IV, the dynamics of two Janus particles under a simple shear flow 
and a uniform magnetic field were investigated. In this article, a paramagnetic side and 
a non-magnetic side were considered and two configurations were reviewed, where the 
magnetic side for one particle was the opposite compared with the other particle. These 
configurations were known as the LR-configuration - where the paramagnetic material was 
on the left side of the first particle; whereas, the paramagentic side was on the second 
particle's right side- and RL-configuration, where the paramagnetic material was on the 
right side of the first particle and the paramagentic material was on the left side of the second 
particle. For each configuration, the initial orientation angles and the initial distances were 
evaluated. In the absence of a magnetic field, the particles either executed closed periodic 
orbits or separated under a shear flow. In the presence of a uniform magnetic field, a critical 
angle was determined to be as the difference between an initial attraction and an initial 
repulsion. As the initial distance of the particles decreased, the magnetic force between 
both particles became stronger than the viscous force and particles formed a staggered chain. 
Otherwise, the shear force increased the distance between both Janus particles because the 
hydrodynamic force was greater than the magnetic force due to either a higher shear flow 
or a weak magnetic field strength.
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ABSTRACT
A two-dimensional dynamic motion of magnetic particles of ellipsoidal shapes in 
a shear flow and under the influence of a uniform magnetic field was investigated. The first 
part presented a theoretical analysis of the rotational dynamics of the particles in simple 
shear flow. By considering paramagnetic and ferromagnetic particles, the effects of the 
direction and strength of the magnetic field on the particle rotation was studied. The critical 
magnetic-field strength, at which particle rotation was impeded, was determined. In a 
weak-field regime (i.e., below the critical strength) where the particles executed complete 
rotations, the symmetry property of the rotational velocity depended on the direction of 
the magnetic field. In a strong-field regime (i.e., above the critical strength), the particles 
were impeded at steady angles, and the stability of these angles was examined. Under a 
uniform field, paramagnetic and ferromagnetic particles behaved differently regarding the 
critical strength, symmetry property of the rotational velocity, and steady angles. In the 
second part, two-dimensional numerical simulations were used to study the implications 
of rotational dynamics for lateral migration of the particles in wall-bound shear flows.
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In a weak-field regime, the paramagnetic prolate particles migrated away when the field 
was applied perpendicular to the flow and towards the bounded wall for a field applied 
parallel to the flow. Ferromagnetic particles exhibited negligible migration under fields 
that were parallel or perpendicular to the flow. The different lateral migration behaviors 
were due to the difference in the symmetry property of particle rotational velocity. In a 
strong-field regime, the particles were impeded at different stable steady angles, which 
resulted in different lateral migration behaviors. The fundamental insights from this work 
demonstrated various feasible strategies for manipulating paramagnetic and ferromagnetic 
particles.
Keywords: paramagnetic, ferromagnetic, shear flow, uniform magnetic field, critical field 
strength, stable steady angle
1. INTRODUCTION
Magnetic fields are commonly applied to manipulate the transportation of micro- 
and nanosized magnetic particles in a number of technological fields. Magnetic separations 
of ferromagnetic and paramagnetic particles were used in many applications, including 
metal manufacturing, mining, waste water treatment, food processing, biosciences, and 
biotechnology (Liu et al., 2009; Oberteuffer, 1974). In medicine, magnetically assisted 
drug delivery rely on external magnetic forces that guided the transportation of magnetic 
drug carriers to specific locations to enhance drug delivery efficiency (Dobson, 2006). The 
basic principle of most magnetic manipulations uses magnetic forces to extract or retain 
targets of interests, e.g., ferromagnetic impurities (Thien-Nga et al., 2002), cells that have 
intrinsic magnetic moments (Liu et al. , 2009), and diamagnetic biological entities that were 
labeled with magnetic particles (Liu et al., 2009). Generating magnetic forces require a 
spatially nonuniform field, i.e., the gradient of the applied magnetic field strength (Friedman 
and Yellen, 2005; Oberteuffer, 1974).
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Recent experimental (Zhou etal., 2017a,b) and numerical studies (Matsunaga etal., 
2017, 2018) have demonstrated a unique way to manipulate transport behaviors of non­
spherical particles by combining a uniform magnetic field and shear flows at the microm­
eter length scale and in the low-Reynolds-number flow regime. Although the magnetic 
force was zero, a nonzero magnetic torque induced a lateral migration, which resulted in 
focusing and separation of particles by their shapes. In the work of Zhou et al. (Zhou et al., 
2017b), the magnetic torque broke the symmetry of the rotational velocity of paramagnetic 
particles. Lateral migration of the particle was a result of the coupling of the asymmetric 
rotation and translation via particle-wall hydrodynamic interactions. By using numerical 
simulations and a far-field theory, Matsunaga et al. showed that it was possible to induce 
lateral migration of ferromagnetic particles in a strong magnetic field (Matsunaga et al., 
2017, 2018). The working principle was based on the pinning of ellipsoids at a quasisteady 
angle, which resulted in a nonzero transverse motion due to the vertical component of the 
image stresslet caused by the wall (Happel and Brenner, 2012; Matsunaga et al., 2017). 
In both cases, the lateral migration motions were attributed to hydrodynamic interactions 
between the particle and wall under the intervention of magnetic torques. The difference 
in lateral migration velocities was key to continuous magnetic separation of microfluidics 
(Pamme, 2006).
Effective and precise manipulation of particles using torques requires a fundamental 
knowledge of particle rotational dynamics in shear flows. Earlier theoretical and experi­
mental work investigated the effect of uniform magnetic and electric fields on the rotation of 
ellipsoidal particles in shear flows (Allan and Mason, 1962; Demetriades, 1958; Okagawa 
et al., 1974) at zero Reynolds number. Dielectric ellipsoids, when subjected to a uniform 
electric field perpendicular to the flow direction, spent a longer time in the first half than in 
the second half of the rotation at low-field strength, and their rotation was impeded above 
a critical electric-field strength (Allan and Mason, 1962; Okagawa et al., 1974). In other
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studies a dipolar spheroid (ferromagnetic) in an unbounded simple shear flow spiraled to a 
single orbit when subjected to a weak external torque and reached stable orientations under 
a sufficiently strong torque (G°f and Frankel, 1995).
However, there were no studies that systematically investigated the effect of magnetic 
properties (paramagnetic or ferromagnetic) on particle dynamics in shear flows. It was well 
known that paramagnetic and ferromagnetic materials exhibit different magnetic responses 
to external magnetic fields. For a paramagnetic particle, its magnetic moment is induced by 
an external magnetic field and changes with the external field, yet ferromagnetic particles 
have a permanent moment in a unique direction and remain the same under an external 
magnetic field. These two kinds of magnetic particles were also of most interest for 
practical separation applications for mining and biological applications.
In the first part of this work, an investigation was conducted to theoretically study 
the rotational dynamics of prolate ellipsoidal particles, which were made of paramagnetic 
and ferromagnetic materials, in a three-dimensional (3D) simple shear flow at the zero- 
Reynolds-number limit. In the following analysis, a uniform magnetic field was imposed 
at an arbitrary direction relative to the flow direction. Dimensionless parameters were 
introduced as Sp and S f  to characterize the relative strength between the magnetic and 
hydrodynamic torques. The theory showed that the field strength Sp or S f  and field 
direction yS dictated the rotational dynamics of the particles. Above a critical strength 
(or in a strong field), particle rotation was impeded at steady angles. Below the critical 
strength (or in a weak field), the particle executed complete rotations, but the symmetry of 
the rotational velocity could either be broken or preserved depending on the field direction 
and the magnetic property of the particle. In the second part of this work, 2D numerical 
simulations demonstrated different lateral migration motions for the two kinds of particles in 
wall-bound shear flows resulted from their rotational dynamics. Due to different magnetic 
properties, there were several possible ways that separated ferromagnetic and paramagnetic 




As shown in Figure 1, the analysis considers a prolate ellipsoidal particle (with 
semi-major axis a, semi-minor axes b = c, and particle aspect ratio r = a/b)  in a 3D 
simple shear flow u = j z ,  with j  denoting the shear rate. An external magnetic field 
Ho = H0(sinyS, 0, cos0) was applied parallel to the v -  z plane, where H0 denotes its 
magnitude and y8 represents the angle measured from the positive z axis. In this study, the 
analysis was restricted to the in-plane motion of the particle. The assumption of in-plane 
motion was justified by characteristics of typical experiment setups: (a) A static uniform 
magnetic field was applied parallel to the x -  z plane, and (b) the particles normally had to 
go through a wide section of channel before they entered the main microfluidic channel. In 
wide channel sections, the flow speed was small and allowed sufficient time for the magnetic 
field to reorientate the long axis of ellipsoidal particles to the v -  z plane. The in-plane 
motion was observed in an earlier work (Zhou et al., 2017a,b). It was assumed that the 
particle was neutrally buoyant and the Brownian effect was negligible for micrometer-size 
particles. The fluid was assumed to be nonmagnetic and Newtonian with constant density p 
and dynamic viscosity q. Furthermore, the fluid and particle inertia was assumed negligible 
(i.e., zero Reynolds number). Therefore, the hydrodynamic and magnetic torques dictated 
the rotational dynamics of the particle.
2.2. HYDRODYNAMIC TORQUE
In the absence of a magnetic field, the particle experiences a hydrodynamic torque 
due to the simple shear flow and rotates at an angular velocity mhey in the v -  z plane. The 
variable, mh was used to signify the rotation that was solely due to the hydrodynamic flow. 
The hydrodynamic torque acting on an ellipsoid was derived by Okagawa et. al. (Okagawa 
et al., 1974). By considering the rotation in the v -  z plane only, the hydrodynamic torque
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Figure 1. Schematic of a magnetic prolate ellipsoid (major axis 2a and minor axis 2b = 2c.) 
in a simple shear flow. A uniform magnetic field was imposed at an arbitrary direction, 
characterized by yS. The particle orientation is denoted by <p, and later <pp and <p/  will be 
used to distinguish paramagnetic and ferromagnetic particles.
was expressed as L h = Lhey, with its magnitude being
Lh
2Vrt(r2 + 1) cos (2<p)(r2 -  1) , y . 
(r2Dxx + D zz) 2 (r2 + 1) 7 + 2 -  ^
(1)
where V = 4nab2 is the volume of the particle, and Dxx and D zz are the diagonal components 
of the ellipsoidal demagnetizing factor. In Equation (1), the relationships Dxx = 1 -  A and 
D zz = A/2  are used with A = -l—i -  r(CT-yp/;;) for later convenience when the total
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torque is considered under the combined effects of the hydrodynamic flow and magnetic 
field. Assuming negligible particle inertia, the total torque (in this case only hydrodynamic 
torque) acting on the particle was zero, thereby leading to the particle angular velocity in 
the x -  z plane: mh = <i> = j ( r 2 cos2 (p + sin2 <p)/(r2 + 1), which was the classical result from 
Jeffery (Jeffery, 1922). Introducing the dimensionless time t = j  t and letting <p(t) = <p(t) 
the angular velocity could be implied as:
r2 cos2 (p + sin2 (p
<f> = --------2— :-------- . (2)r2 + 1
In the equation and in the following theory, the overbar was removed for notational simplicity.
2.3. MAGNETIC TORQUE
When subjected to a uniform external magnetic field Ho, the magnetic particle 
experiences a magnetic torque L m = ^ 0 (m x H0) , where m is the magnetic moment of 
the particle and ju0 is the magnetic permeability of vacuum. There are two common kinds 
of magnetic particles, paramagnetic and ferromagnetic particles, for which the origin of 
the magnetic moment is different. The magnetic moment m for a paramagnetic particle is 
induced by the externally applied field H0 and thus changes with the external field. The 
magnetic moment m of a ferromagnetic particle is an intrinsic property, i.e., it has a unique 
direction and magnitude, regardless of the presence of an external magnetic field. The 
torques caused by the external magnetic field would therefore differ for particles that had 
the same shape and different magnetic properties. This difference in magnetic torque had 
different influences on the rotational dynamics of the particles, especially when they were 
exposed to weak and strong magnetic field regimes in unbounded shear flows as well as 
closed Couette flows.
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3. RESULTS AND DISCUSSION
3.1. PARAMAGNETIC PARTICLE
The paramagnetic particle was assumed to be homogeneous and linearly magne­
tizable. The magnetic moment of the particle is m = XpVH- , where x  is its constant 
magnetic susceptibility and H-  is the uniform magnetic field inside the particle (Stratton, 
2007; Torres-Diaz and Rinaldi, 2014). Hence, the magnetic torque on a paramagnetic 
particle could be written as L mp = hqxV (H-  x Ho). In an earlier work, Okagawa et. al. 
(1974) derived the expression of magnetic torque on a paramagnetic ellipsoid suspended in 
a magnetic fluid in the v -  zplane. Utilizing this result, the torque for a magnetic particle 
suspended in a nonmagnetic fluid, L mp = Lmp ey, and Lmp was obtained
Lmp
- hoVx 2H2 sin (2<pp -  2fi) (D zz -  Dxx) 
2 (1 + x D Xx ) ( 1 + X ^ z z )
(3)
Note that Lmp is a periodic function of (pp with period n, due to the fore-aft symmetry of 
the paramagnetic ellipsoid. Thus, magnetic fields with yS + n or yS have the same torque and 
effect on the particle motion.
In a quiescent fluid (i.e., j  = 0), the magnetic torque L mp results in an angular 
velocity wmp ey of the particle with
VOX2 sin (2$p -  2J3)




d (r ,x )
(r2P xx + D zz)(D zz -  Dxx)
4 (r2 + 1)(1 + x D xx )(1 + X D ZZ)
(5)
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a dimensionless parameter Sp was therefore introduced and measured the relative strength 
between the magnetic and hydrodynamic effects on a paramagnetic particle (Zhou et al., 
2017b)
max^{\(^mp|} ^oX H0 (r  Dxx + D zz)(Dzz Dxx)
min^{ \uh|} Ayr] ( 1 + X Dxx) ( 1 + x D zz)
(6)
The parameter Sp represented the ratio between the maximum rotational speed of the 
particle - due to the magnetic field alone in a quiescent fluid - and the minimum rotational 
speed - due to a simple shear flow alone for a inertia-free and freely rotating particle. It was 
also interpreted as the ratio of magnitudes between the maximum magnetic torque [when 
\ sin(20 -  20) \ = 1] and the minimum hydrodynamic torque (when <p = n/2  or 3^/2). By 
its definition, the parameter Sp includes the shape effect of the particles via parameters Dxx 
and D zz.
The total angular velocity of the inertia-free paramagnetic particle, due to both 
hydrodynamic and magnetic effects, was determined from L h + L mp = 0. The total di­
mensionless angular velocity of the paramagnetic particle was expressed in a dimensionless 
form
4> p =
r2 cos2 (pp + sin2 (pp -  Sp sin (2$p -  20) 
r2 + 1
(7)
which is a periodic function of (p with period of n, since Lh and L mp also have a period 
of n for ellipsoidal particles. The variable, (pp described the orientation of a paramagnetic 
particle; <pf was used for a ferromagnetic particle in Section 3.2. Note that Sp = 0 when 
r = 1 and Equation (7) became the classical Jeffery equation. Thus, a paramagnetic sphere 
under a uniform magnetic field behaved just like a normal sphere, as if there was no magnetic
field.
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3.1.1. Critical Field Strength Spr. The angular velocity of the paramagnetic parti­
cle, as in Equation (7), indicated that the parameters Sp andyS dictated the particle rotational 
behavior. For small Sp, the particle was able to execute complete rotations, whereas the 
rotation was impeded for sufficiently large Sp. To determine the critical field strength Scp , 
i.e., minimum field strength required to impede particle rotation, the impeded steady an- 
gle(s) was studied. Setting <pp = 0 in Equation (7), the solutions from an earlier work was 
determined (Zhou et al., 2017b):
tan (<f>sp)
Sp cos (20) ± ^ S 2p + Sp (r2 -  1) sin (20) -  r2 
1 -  Sp sin (20) (8 )
The critical field strength for the existence of the steady angle(s) to Equation (8 ) was given 




2r 1) 2 sin2 (20) + 4r2 -  (r2 1) sin (20 ) (9)
Substituting Sp = Scp , the critical steady angle was obtained
tan (4>p )
Sp cos (20)
1 -  S f  sin (20 ) ‘ (1 0 )
Figure 2 (a) showed the value of Sp as a function of f3 for particles with different 
particle aspect ratios (r = 2, 3, and 4). The results suggested that the field strength required 
to impede the particle rotation was the smallest when yS = n/4  and the largest when 
yS = 3n/4. In Figure 2 (b), when the magnetic field was applied at yS = 0, the particle was 
the first to be impeded at an angle between n/4  and n/2. As yS increased from 0 to 3n/4, 0 “  
increased monotonically till 0“  = n when yS = 3n/4. At yS = n/4, <pcp = n/2, and <pcp = 0 
(or n) when yS = 3n/4. For any aspect ratio, the critical angle was always fip = n/2  at 
yS = n/4  and <pcp = 0 (or n) when yS = 3n/4. As yS increased from 3n/4  to n, the critical 
steady angle <pcp increased from 0  to angles between n/4  and n/2.
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Figure 2. (a) Critical-field strength Scp and (b) the critical steady angle (pcp as a function of 
field direction (5 for a paramagnetic particle with r = 2, 3 and 4.
3.1.2. Steady Angles in Strong Field Regime Sp > Spr. When Sp > 5^, the
particle cannot execute complete rotations, but will be impeded at (psp, which has two values
(Psp± = arctan
Sp cos (2(5) ± yjsp + Sp (r2 -  1) sin (2(5) -  r2 ■ 
1 -  Sp sin (2(5)
+ kn, (1 1 )
where k = 0 or 1, so that (psp+, (psp- e [0, n). The stability of the particle’s impeded angles 
can be determined by examining the derivative of ^  | . A plot was made for the steady
angles and their corresponding ^  as a function of strength for a particle with r = 4, when 
the magnetic field is applied at (5 = 0 and (5 = n/2, as shown in Figure 3. As can be 
seen, as Sp increases above Sp , the two steady angles diverge from 0^: One steady angle 
increases while the other decreases. In the limit of an infinite-field strength, i.e., Sp ^  rc>, 
the steady angle (psp- approaches (5, meaning that the particle’s major axis is aligned to the 
field direction; the other steady angle (psp+ approaches (5+n/2  [or (5 -  n /2  if (5 > n/2  because 
(5 e (0, n)] suggests the alignment with the minor axis to the field direction. Furthermore, 
it was found that ^  | ̂ + > 0, hence (psp+ is always unstable, whereas ^  | ̂  < 0 and thus 
(psp- is stable. When Sp = Scp , the derivate resulted in ^  | ^  = 0, which means that the (pcp 
is neutrally stable, and will not be experimentally observed when disturbances are present.
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Figure 3. The steady angles, <psp of the paramagnetic particle and the derivatives -j^\  ̂  for 
field strength Sp > Sp , and r = 4 and (a) (5 = 0, and (b) (5 = n/2.
3.1.3. Particle Rotation in Weak Field Regime Sp < spr. In the weak field regime, 
i.e., < S%, the particle rotated periodically with period n according to Equation (7).
Hence, the dimensionless period of over a rotation of 2 n was t(p ,2n) = 2t(p ,n). For notational 
simplicity, the period over (s, q) was defined as t(s,q) = J q d(pt/fa for any s and q, where 
i = p  for paramagnetic particles and i = f  for ferromagnetic particles. For paramagnetic
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particles, it was determined that
t (o^)
fo
n d<p. r2 -1-1
<t>i Q
- ta n h
tanh
1 iS p (cos(2yS) + sin(20)) -  1
Q
- ta n h
-1 1 Sp (cos(20) -  sin(2yS)) + 1
Q
_1 1 Sp (cos (20) + sin(20)) + r2
tanh
Q




where Q = -yjSp + Sp (r2 -  1) sin (20) -  r2 . By definition, the period was normalized 
by j -X in the above equation. When Sp = 0, the rotational period of the Jeffery orbit over 
(0,2^) was t0 = 2n(r + r- 1) (Allan and Mason, 1962). To examine the influence of the 
field strength and direction on the rotational period as compared to the Jeffery period, a 
scaled period Tp = t was plotted in Figure 4 as a function of Sp and yS. As was 
observed, when 0 < yS < n/2, the period of rotation increased when Sp increased, i.e., the 
magnetic-field strength. By contrast, the period of rotation for n/2  < J3 < n first decreased 
and then increased, as Sp increased. For all yS, the period of rotation approached infinity as 
Sp ^  Scp, i.e., the particle rotation was impeded.
The magnetic torque not only influenced the rotational period, but it also affected 
the symmetry property of the particle’s rotational velocity. In the absence of a magnetic 
field, the rotational velocity of the particle was symmetric about <p = n / 2  according to 
Equation (2), and thus the particle spent an equal amount of time from <p = 0 to n/2  and 
from n/2  to n. With an external (electric or magnetic) field, this characteristic was modified. 
In an earlier study (Allan and Mason, 1962), the symmetry of a particle’s rotational velocity 
broke when the electric field was perpendicular to the flow direction, where the particle 
spent a longer time for the rotation from 0 to n / 2  than that from n / 2  to n.
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Figure 4. Influence of magnetic field strength Sp and direction ft on the rotational period 
when Sp < Sc  and r = 4.
In this study, the direction of the magnetic field, characterized by the angle ft, was 
arbitrary and its effect on the particle rotation needed to be understood. To characterize the 
symmetry (or asymmetry) of the rotational velocity about 0  = n/2, a ratio parameter tp in 
an earlier work was defined (Zhou et al., 2017b):
T„ = /<0-”/2)//<°'”). (13)
The value of tp was previously calculated by numerical integration (Zhou et al., 2017b). In 
the present work, an analytical expression was obtained r Ĵ °’̂ ):
t (°,*/2) 
lP
(r2 + 1) 
Q
tanh 1
Sp (cos (2ft) + sin(2ft)) + r2
Q




Substituting Equations (12) and (14) in Equation (13) gave an expression of tp . Based 
on this analytical expression, when ft = n/4  or ft = 3n/4, tp = °.5, and suggested that 
a magnetic field that was applied at these two directions preserved the symmetry of the 





Figure 5. Dependence of rp on yS for paramagnetic particle with field strength Sp < 1 and 
r = 4.
2
in Figure 4. For rotation from n to 2n, a similar parameter r'p was defined to characterize 
the symmetry of rotational velocity about particle orientation at (pp = 3n/2. It was noted 
that due to its periodicity dependence in n, the rotational velocity from n to 2 n was the 
same as that from 0  to n, and thus Tp = tp .
By its definition, tp = 0.5 represented that the rotational velocity was symmetric 
about (pp = n / 2. Any tp values that deviated from 0.5 suggested asymmetric rotations. 
Figure 5 illustrated the effects of Sp and yS on tp . The value Sp < 1 was chosen so that 
the particle was able to execute complete rotations for any yS e (0 , n ) , and thus examined 
the effect of yS. Furthermore an observation was made that tp > 0.5 when 0 < J3 < n/4  
or 3n/4 < yS < n [Figure 5 (a)] and rp < 0.5 when n/4  < a  < 3n/4  [Figure 5 (b)]. 
Moreover, tp became further away from 0.5 as Sp increased, meaning that the asymmetry 
of the rotational velocity was more prominent, because a larger Sp represented a stronger 
magnetic effect relative to the hydrodynamic effect.
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3.2. FERROM AGNETIC PARTICLE
For a ferromagnetic particle, its magnetization M 0 was assumed to be parallel to 
its major axis, with M0 denoting the magnitude of magnetization. Then the particle has 
a magnetic moment, m = VM0 = VM0(sin <pf, 0, cos <pf). The magnetic torque on a 
ferromagnetic particle was written as Lmf  = ^ 0V (M 0 x H0) = Lmf  ey, and obtained Lmf  as
Lmf  = -M0VM0^ 0 sin ((p -  yS). (15)
Taking a similar approach as the paramagnetic particle, a dimensionless parameter 
S f  was introduced to measure the relative strength between the magnetic and hydrodynamic 
torques on a ferromagnetic particle:
S f  =
M0M0H0 (t Dxx + D zz) 
2  V7
(16)
It was noted that S f  was nonzero for spherical particles (r = 1). This characteristic of the 
magnetic effect on spherical particles was similar to that on ellipsoidal particles (r > 1), in 
clear contrast to paramagnetic particles.
When subjected to the flow and magnetic fields, the total dimensionless angular 
velocity of the ferromagnetic particle was found,
r2 c o s 2  0 /  + s i n2 0 /  -  S f  sin (0 /  -  J3)
= -------------------7 -2— 77-------------------- , (17)(r2 + 1)
which showed that <p/  was a periodic function of <pf with period of 2 ^, in contrast to the 
angular velocity <pp of a paramagnetic particle in Equation (7). The critical field strength 
was defined as Sc  and as the minimal S f  required to admit real solution(s) to (pf = 0 . 
However, analytical expressions of S™ only existed for J3= 0, n/2, n, and 3^/2. Therefore, 
the analysis focused on these special cases and numerically analyzed general cases for 
arbitrary yS.
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3.2.1. Critical Field Strength S£r. Following lines similar to the paramagnetic 
case, the impeded steady angle(s) was evaluated. Setting (pf = 0 and assuming cos(<pf) £ 0, 
Equation (17) was rewritten as
4 3 2a 4 [tan( 0 .̂)] + « 3 [tan (<pŝ )] + a2[ tan( <pŝ  )] + a i tan (<pŝ )+  a0 = 0 , (18)
where the coefficients a0 = r4 -  S2 sin2 (0 ), a\ = a3 = S2̂ sin (2fi) , a2 = 2r2 -  S2 , and 
a4 = 1 -  S2 j- cos2 (0). If a4 £ 0, Equation (17) gives a quartic equation of tan((pf). Solving 
it yields four solutions:
[ tan(4>‘f  ̂  1,2 = -  j t 4 -  W ± 1 V - 4 W2  -  2p + W ■
[ t a n ( )] 3,4 = - ^  + »’ ± -4 w 2 -  2 p -  ± , (19)
where,
P =
8^4a2 -  3a23
8«4
Q =
«3 -  4 «4fl3A2 + H a i
8 «4
W
_  1 / - 2 p ~  7 7
- W ~  + 7 4 ('  + 7 ),
K ==
Si + , ] «2 -  46, r\
5q = «2 -  3 a ia3 + 1 2 ^ 00,4,
o  0 0
and 5i = 2 ^  -  9 aia20,3 + 2 7 ^ a00 + 27^4ai -  72a0)a2nq.
2
The equation tan(<p>ŝ ) may degenerate a cubic equation (a4 = 0 but a3 £ 0), or a quadratic 
equation exists (a4 = a3 = 0 ) . I n  such cases, the roots can be analytically found.
Four special cases were considered: y8 = nn/2  with 0 < n < 3, for which Sc  can be 
analytically expressed. Setting (pf = 0, the impeded steady angles were obtained as follows:
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For case A, yS = 0, and case B, yS = n,
[tan( <t>f ̂  1,2
[ tan( )]f  n  3,4
+
+
[S2̂ -  2 r2) + S + 4r2 (r2 -  1) 
2  (1 -  S2f )
A
(5'2 -  2 r 2) -  S f^ js 2̂ + 4r2 (r2 -  1)
2 ( 1  -  ^ )
(2 0 )
In these cases, the critical field strength S™ = 1. For S f  > Sc  and the real solutions 
tan(<pSj.)3,4 exist; whereas, tan(<pSj.)1,2 are complex-valued. For case C, yS = n/2, and case D, 
J3 = 3n/2,
[ tan (<t>sf  y| 1,2 = ± 
[ tan ( )  ] 3 4  = ±
A
{S2 -  2r2) + S f ^ S 2 -  4 (r2 -  1)
A
{S2 -  2r2) -  S f ^ S 2 -  4(r2 -  1)
In these cases, the critical field strength
ocr 2 Vr2 -  1,
r  2 ,
if r > 'V2, 
if r < V2
(2 1 )
For r  > V2, there are four solutions tan((pSj.)1,2,3,4 if Sc  < S f  < r2 or two solutions 
tan ((pSj. )1,2 if S f  > r2. For r < V2, there are always two solutions [tan ( )y2] if S f  > S™. 
For each solution of tan(<pŝ.), two values were determined of <pSj ., of which only one satisfies 
4>f = 0 and is thus the true steady angle.
By substituting the critical field strength into Equation (20) and (21), the critical 
steady angles 4>Cf  was determined for cases when the field is parallel or perpendicular to the 
flow direction. The critical field strength and corresponding critical steady angles for the 
special cases are summarized in Table 1.
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Table 1. Summary of S J  and <pj for four special cases.
yS Scfr if r < V2 4>cfr if r < V2 Scfr if r > V2 0cfr if r  > V2




2 r  2 n 2 Vr2 + 1 arctan (+Vr2 - ■ +
n 1 3̂2 1
3̂
2
2 r  2 0 2 Vr2 + 1 arctan (+Vr2 - ■ +
However, for arbitrary yS, finding the critical field strength S™ was not as straight­
forward as in Equation (9), and it was impossible to find the analytical results for Sĉ. 
The bisection method (also known as the binary search method) was applied to obtain the 
numerical solution of SJ:, i.e., finding the smallest S f  for at least one real tan(<pf )i (for 
i = 1,2,3 or 4) in Equation (19). A numerical tolerance of 10- 5 was used as the stop
f
condition for finding SJcr by using the bisection method.
Figure 6  (a) shows the value of SJ  as a function of yS for different particle aspect 
ratios (r = 1.4, 2, 3, and 4). The field strength to impede the particle rotation was the 
smallest when yS = 0 , n, or 2 n, at which = 1 , and the field strength to impede the 
rotation was the largest when yS = n/2  or 3^/2. In Figure 6  (b), when the field was applied 
at yS = 0 (yS = n), the particle was impeded at an angle of = n/2 (<pJ  = 3n/2) for any
particle aspect ratio. When the magnetic field was applied at yS = n/2  or 3^/2 , the particle 
was impeded at two different critical steady angles if r > V2; If r < V2, the particle was 
impeded at 0 jr = n when yS = n/2, or 0 cr = 0  when yS = 3^/2.
3.2.2. Steady Angles in Strong Field Regime Sf > SJr. Similar to paramagnetic 
particles, a ferromagnetic particle cannot execute complete rotations and would be impeded 
at the steady angle(s) <pSj ., if the field strength S f  > SJr. The value of <pSj. can be found from 
formulas in Equation (19), which may exist as two, three or four solutions, depending on 
the particle aspect ratio r , yS, S f . By using Equation (19) and its degenerated forms, the 
number of steady angles (or solutions) was mapped over the parameter space of S f  and yS for
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Figure 6 . (a) Critical-field strength Scr and (b) the critical steady angle 0 ^  as a function of 
field direction (5 for a ferromagnetic particle with r = 1.4, 2, 3, and 4.
several different particle aspect ratios. Figure 7 shows that r > V2, there were two regions 
near (5 = n /2  and 3n/2  where four steady angles existed. There were three solutions on the 
boundary between the two-solution and four-solution regions. When S f = ScJ, there were 
two solutions if (5 = n/2  or 3n/2, one solution for other values of (5, and no solutions for 
S f  < ScJ. For r < V2, the particles could only have two solutions regardless of the field 
direction when S f  > S1  and one solution when S f = ScJ. The stability of these angles can 
be analyzed similarly by examining the derivatives at 0 /  = 0 ^.
In Figure 8 , the result of the steady angles and their corresponding for /3 = 0
and n/2  were presented for the particle aspect ratio r = 4.
According to Figure 8 , there were several distinctive features. First, as S f ^  <x>, 
the particle was impeded at two steady angles: one approached (5, i.e., the magnetization of 
the particle was parallel to the field direction, and the other approached (5 + n or (5 -  n, i.e., 
the magnetization of the particle was anti-parallel to the field direction. Of the two steady 
angles, the one with the magnetization parallel to the field (e.g., (p/ ,3 for (5 = 0 , and pf,2 for 
(5 = n/2)  was stable, while the other was unstable. Second, when the magnetic field was 
parallel to the flow direction, i.e., (5 = n/2, the particle was impeded at four steady angles, 
if 2 Vr2 -  1 < S f  < r2 . Out of the four steady angles, two of them were stable and two
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Figure 7. Phase diagram of the number of steady angles for ferromagnetic particles, (a) 
r = 1.4, (b) r = V2, (c) r = 2, and (d) r = 4.
of them were unstable. Then the particle’s eventual stable steady-angle depended on its 
initial particle orientation. Simtiar to paramagnetic particles, when S f  = ST , r̂ \ f af = 0, 
suggesting that the rf>J is neutrally stable, and would only be observed when there were no 
disturbance s.
3.2.3. Particle Rotation in Weak I8ield Regime Sf < S£r. With a weak field 
strength (Sf < S J ), the particle was able to perform periodical rotations, but its rota­
tional period was altered by the magnetic field. Similarly, the dimensionless period of over 
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Sf
Figure 8 . Impeded angles, 0^ of the ferromagnetic particle and derivatives 
strength S f  > SCJ  and (a) (3 = 0 and (b) (3 = n / 2. The particle aspect ratio is r = 4.
relative change of the rotational period under the influence of an external uniform field,
40,2*)
to
1 2  d<pf
to o <Pf
1
2n(r + r -1) ,
► 2 n r2 + 1
cos2 (pf + sin2 (pf -  S f  sin(<pf -  /3)
d(pf. (2 2 )
2r
Unlike the case of paramagnetic particles, analytical expressions for Tf  did not exist, 
except for the special cases of (5. Thus, Tf was numerically integrated in Equation (22) for 
general (5. Figure 9 shows T/  as a function of S f  with a magnetic field applied at various 
(5. Note that T/  is symmetric about n/2, i.e. T/  (j3) = Tf (n -  (5), and T/  is periodic in n, 
i.e., T/  (f$) = Tf (n + /T). Therefore, the scaled period 7 / was only plotted for 0 < [3 < n/2.
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S f
Figure 9. Dimensionless period of particle rotational as a function of S f  for various magnetic 
field direction yS.
As exemplified, the period of rotation always increased with an increase of S f , for any 
direction yS, in contrast to the cases of paramagnetic particles. The period of particle 
rotation approached infinity as S f ^  S™, i.e., the particle rotation was impeded.
The effect of the magnetic field on the symmetry property of the particle’s rotational 
velocity was examined. The rotational velocity of a ferromagnetic particle had a period of 
2^, as shown in Equation (17). However, the ellipsoidal particle had a fore-aft symmetry, 
i.e., a periodicity of n. Therefore, two ratio parameters were defined:
T/,1 = t ,
Tf.2_ = t{f  3”/22/ tf ,2*>. (23)
The variables t/ , i and t/ , 2 characterize the symmetry of rotational velocity approximately 
(pf = n/2  for particle rotation (pf e [0 , n] and about <pf = 3^ /2  for rotation <p e [n, 2n] , 
respectively. To assess the role of yS, S f  < 1 was chosen, so that the particle rotation was 
possible for any yS e [0,2^]. As seen in Figure 10, when the magnetic field was applied 
at yS = 0 or n, T ff  = Tf,2 = 0.5, meaning that the rotational velocity was symmetric at 
about (pf = n/2  and 3^/2. This result was further supported by the analytical expression
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(3
Figure 10. Dependence of (a) t/ , i and (b) t/ , 2 on yS for strength Sp < 1 and r = 4.
of t(0,^/2) for yS = 0 , and n:
.(0,^/2)
/
2 (r2 + 1) 
V^2 + 4 r2 (r2
- 1




a  - 1
V d - 7
))
1




^2 -  1 




- 5 cos (0)
2(r2 -  1)
(24)
(25)
Additionally, t (̂ /2,n  ̂= t(0,^/2), and thus, t/  = 0.5. For yS e (0 ,^), t/ , 1 < 0.5 and
t/ , 2 > 0.5; and for yS e (^, 2n), t/ , 1 > 0.5 and t/ , 2 < 0.5.
3.3. LATERAL M IGRATION IN SHEAR FLOWS NEAR A SOLID WALL
Earlier studies suggested two different mechanisms that can cause lateral migration 
of ellipsoidal magnetic particles in wall-bounded shear flows at low Reynolds number 
(Matsunaga etal., 2017; Zhou etal., 2017a,b). These studies focused either on paramagnetic
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(Zhou et al., 2017a,b) or ferromangetic particles (Matsunaga et al., 2017). In a weak 
magnetic field, the asymmetry of the particle’s rotational velocity is responsible for the 
lateral migration: was experimentally shown that paramagnetic particles migrated away 
from a wall when r  > 0.5, towards the wall when r  < 0.5, and stayed at a constant distance 
when t  = 0.5. However, no study was conducted on lateral migration of ferromagnetic 
particles in this regime. In a strong magnetic field, the rotation of ferromagnetic particles 
was impeded and the particle assumed stable quasi-steady angles. The stable orientations 
of the particle near a wall resulted in a nonzero lateral (or transverse) velocity, which was 
induced by the image stresslet due to the presence of a wall (Matsunaga et al., 2017). 
Depending on the steady angle, the particle can continuously translate away or toward the 
wall. However, lateral migration of paramagnetic particles in the strong-field regime has 
not been studied.
The theoretical analysis showed that the magnetic properties of the particle play 
a significant role on the rotational dynamics of a prolate spheroid in a simple shear flow 
and was subject to a uniform magnetic field. Both weak- and strong-field regimes showed 
that paramagnetic and ferromagnetic particles exhibit different rotational behaviors, in 
terms of symmetry of rotational velocity and impeded steady angles (see Sections 3.1 and 
3.2). While the analysis was performed on particles in a simple shear flow, the findings 
were qualitatively applied to particles in wall-bounded shear flows, although the wall and 
velocity profile played additional roles. These theoretical insights qualitatively investigated 
the lateral migration motion when the particles were transported near a solid wall in shear 
flows.
In Section 3.3.1, a 2-D numerical simulations was used to illustrate the implications 
of magnetic properties on the lateral migration of the particle in both weak- and strong- 
field regimes. Two common field directions y8 = 0 and y8 = n/2  analyzed and discussed 
the lateral migration of paramagnetic and ferromagnetic particles in different scenarios, in 
terms of parameter space of yS, Sp and S/ .  As presented, the numerical simulations, while
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developed in two due to computational cost considerations, confirmed the anticipated lateral 
migration behaviors as predicted by the theory. Thus, the numerical and analytical studies 
complement each other.
3.3.1. Numerical Simulation. The direct numerical simulation was based on the 
finite-element method and an arbitrary Lagrangian-Eulerian method to solve for particle 
trajectory (Zhang and Wang, 2018). Similar methodologies have been successfully used by 
Huet al. (Hu et al., 2001) and Aiet al. (Ai et al., 2009a,b, 2014). The numerical model 
coupled the flow and magnetic fields and was implemented in COMSOL Multiphysics (see 
details in Section 4.3). First, a stationary solver was used to calculate the magnetic field 
inside and outside the particle and compute the magnetic torque acting on the particle. 
Then, the two-way coupling of the fluid-particle interaction model was solved by using 
a time-dependent solver and by importing the previously determined magnetic torque. 
Quadratic triangular elements were employed in the simulation. A fine mesh around the 
particle and a finer mesh around the tip of the particle were created to accurately calculate 
the hydrodynamic force and torque acting on the particle. After a grid independence 
test, approximately 12000 elements and 150 elements were used to discretize the fluid 
domain and particle surface, respectively. The 2D numerical simulations were validated by 
comparing them with the classical Jeffery Theory in prior work (Zhang and Wang, 2018). 
Further, simulations with a magnetic field were applied at yS = 0 for particles in 2D simple 
shear flows, which showed an acceptable agreement with the theory.
An elliptical particle (r = 4 and an equal-volume diameter d = 7jum) was immersed 
in a plane Couette flow (see Figure 16 in Section 4.3). The lateral position of the particle 
is denoted by zp and the particle was initially placed at zp0 = 10 jum. Based on typical 
applications, the estimated variable values are: external magnetic field H0 ~ O (103 -  
105)A/m, particle size a,b ~ O (10)jum, fluid viscosity ^ ~ O (10- 3 ) Pa s, fluid density 
p f  ~ O (103) kg/m3, and shear rate y  ~ O (102)s-1. It was accepted to have x  ~ O (1) for 
paramagnetic particles and magnetization M0 ~ O (103)A/m for ferromagnetic particles.
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c,ftp 4̂ f
Figure 11. Lateral migration of (a) paramagnetic and (b) ferromagnetic particles in the 
weak-field regime (Sp « 0.664, and S f  « 0.664) over a rotation of 2n with r = 4.
Based on these parameters, the flow Reynolds number was Re\ ~ O (1), and the particle 
Reynolds number was Re2 ~ O (1). In the numerical simulations, the magnetic properties, 
magnetic-field strength, and fluid parameters were chosen to span the parameter space 
Sp,S f  ~ O (10-1 -  102) and to examine particle migration in both weak and strong field 
regimes. It was known that the inertial effect can lead to lateral migration in shear flows 
(Feng et al., 1994; Ho and Leal, 1974). In the simulations, the Reynolds numbers Re1 ~ 
O (10- 2 ) and Re2 ~ O (10- 4 ) were used to assess lateral migration, which was largely due 
to the effect of the magnetic field.
3.3.2. Lateral M igration in a  W eak Field Regime. In the weak-field regime, the 
particles performed complete rotations while being transported by the shear flow. The 
change of the lateral position normalized by the particle size, (zp -  zp0)/d, was plotted over 
a rotation of 2n, as shown in Figure 11. Comparison of the lateral migration between the 
two kinds of particles showed drastically different behaviors. The paramagnetic particle 
migrated away from the wall when the magnetic field was applied at y8 = 0 , and towards 
the wall when y8 = n/2. In contrast, the ferromagnetic particle demonstrated zero net 
migrations over a rotation of 2n, when yS = 0  or n/2.
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The different lateral migration can be explained by the symmetry property of the 
rotational velocity, according to Equation (13) and Figure 5 for paramagnetic particles, 
and Equation (23) and Figure 10 for ferromagnetic particles. When yS = 0 (or yS = n/2), 
the paramagnetic particles had tp > 0.5 (or tp < 0.5) for both rotations from <pp = 0  to 
n and (pp = n to 2 n, thus they continuously moved upward (or downward); in contrast, 
the ferromagnetic particles had t/,\ < 0.5 from <pf = 0 to n, thus moving downward, 
and then r / , 2 > 0.5 from <pf = n to 2n, thus moving upward. Furthermore, because 
(t/ , i + Tf,i)/2 = 0.5 the upward and downward migration distances were approximately 
the same, leading to a zero net migration over a rotation of 2^. The distinctive migration 
behaviors suggested that using a weak field was a feasible way to separate these two kinds 
of magnetic particles. For instance, if S = 0.664 and yS = 0, a paramagnetic particle 
(r = 4) moves in the lateral direction by 0.05d, while a ferromagnetic particle remains at 
the same lateral position after completing one cycle of rotation. Thus, for the paramagnetic 
particles to move by a lateral distance of d, it would take 2 0  rotational cycles, translating to 
a dimensionless time 1 = 20t0 y  = 2 0 y  (r + 1 /r)y  = 40n(r + 1 /r) « 500.
3.3.3. Lateral M igration in a  Strong Field Regime. In the strong-field regime, the 
magnetic torque was large enough to prevent particles from completing periodic rotations, 
and the particles were pinned at steady angles. Under these circumstances, the stable 
orientation of the particle determined the lateral migration (or traverse) velocity (Matsunaga 
et al., 2017; Zhou et al., 2017a,b). Assuming that both paramagnetic and ferromagnetic 
particles are subject to the same dimensionless field strength, i.e., Sp = S f , they will be 
pinned at different stable orientations, which can then lead to different lateral migration 
velocities. By adapting the far-field theory of Matsunaga et al. (Matsunaga et al., 2017) 
into the analysis, the lateral migration velocity of the particles were related to the steady 
angle:
1 1
Uz,p ~ C(r)d3y — sin(2 0 " ), and Uzj  « C(r)d3y —  sin(2 0 “ ), (26)
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where, Uz,p and Uz,f are the lateral migration velocities, (pp , and (pj are the stable steady 
angles for paramagnetic and ferromagnetic particles, respectively, and C(r) is a constant 
depending on the particle aspect ratio r . It was shown numerically and theoretically that 
the sign of sin(2fisps) or sin(2 0 “ ) determines the migration direction: particles move away 
from the wall for sin(20“ ) > 0 (or sin(2<ps*) > 0) (Matsunaga et al., 2017).
Note that although there may be two or more steady angles, only the stable steady 
angles dictate the lateral migration (magnitude and direction) of ellipsoidal particles. Ac­
cording to Equations (11), (20), and (21) and the stability analysis in Sections 3.1 and 3.2, 
the stable steady angles for paramagnetic and ferromagnetic particles were written for fi = 0  
and n/2. The explicit expressions were:
(t)ss =(PP,p=o =
±SS
^ p,P= f  =
±ss _
<Pf,p=0 =
arctan S, S2p -  r2\ , if Sp > r,
arctan  ̂ -  Sp -  S2p -  r2j + n, if Sp >r,
arctan 
if S f  > 1,
A
(S2f -  2r2) -  S f J S 2f + 4r2 (r2 -  1)'
2 ( 1  -  S2)
/
±ss
Vf,p=f ,1 arctan -
(S2 -  2r2) + S f ^ S 2 -  4(r2 -  1)
+ x,
if S f  > 2 Vr2 -  1 ,
<PSf / 3= 1 2 = arctan ^
(S2 -  2r2) -  Sf ^ S 2 -  4(r2 -  1)'
+ n,





It is noted that for r > V2, there were two possible stable steady angles (psP R= „ , and (psP R= KJ ,H= 2 , 1 J ,H= 2
when Sc  < S f  < r2.
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Figure 12. Lateral migration of paramagnetic and ferromagnetic particles in a strong field 
with r = 4. (a) Theoretical values of sin(20“ ^=o) (solid line) and sin(20^g=o) (dashed 
line) for yS = 0. (d) Lateral positions of the particles as a function of the dimensionless 
time yt from the numerical simulations when yS = 0. (c) Theoretical values of sin(20“ ^= K)
(solid line), sin(2 4>Sfp= k i ) (dashed line), and sin(2 4>Sfp= k 2) (dot-dashed line) foryS = ^ / 2 . 
(d) Lateral positions of the particles as a function of the dimensionless time yt  from the 
numerical simulations when yS = ^ /2 . Depending on its initial orientation, the ferromagnetic 
particle shows two different lateral migration behaviors for S f  = 15.
Figure 12 (a) illustrates the characteristics of stable steady angles and lateral migra­
tion of particles in a strong field when yS = 0. When sin(20^g=o) < sin(20^g=o), except in 
a small interval of SP,S / ,  it is suggested that ferromagnetic particles have a larger migration 
speed for most of the strong-field regime. Figure 12 (b) shows the lateral position of the 
particles as a function of time from 2-D numerical simulations for yS = 0. Both paramagnetic 
and ferromagnetic particles moved away from the channel wall, in qualitative agreement
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with the theoretical prediction. Furthermore, it can be seen that the paramagnetic and 
ferromagnetic particles migrated away from the wall at similar speeds when Sp = S f  = 15, 
while the ferromagnetic particle moves faster when Sp = S f  = 40.
Figure 12 (c) shows the characteristics of stable steady angles and lateral migration 
of particles in a strong field when yS = ^ /2 . The stable steady angles of the ferromagnetic 
particle can assume two possible values depending on the initial orientation of the particle 
for an intermediate field strength, if the particle aspect ratio r > V2. As a result, the 
ferromagnetic particle can move away from the wall or towards the wall. Such a prediction 
was confirmed by the numerical simulation by choosing different initial particle orientation, 
as shown in Figure 12 (d). In contrast, the paramagnetic particle always moved towards the 
wall due to sin(2d>ssa „) < 0 .
The previous findings suggest that it is also possible to separate paramagnetic and 
ferromagnetic particles by applying a strong magnetic field either perpendicular (J3 = 0) or 
parallel (J3 = ^ /2 ) to the flow direction. When S = 15 and yS = n/2, it took approximately 
a dimensionless time of 50 for a ferromagnetic particle to move laterally by a distance of 
d, while the paramagnetic particle only moved negligibly in the lateral direction. Note 
that when Sp,S f  ^  rc>, the stable steady angles fisp and <psj: both approached yS; however, 
they approached yS at different rates. It was shown that when yS = 0 and n/2, the value 
of sin(2 <psj:)/sin( 2 fisps) ^  2 , suggesting a possible way to separate ferromagnetic and 
paramagnetic particles to this limit. However, with Sp,S f  ^  rc>, the magnitude of lateral 
migration velocity approached zero. Hence, when strong fields were used to separate 
ferromagnetic and paramagnetic particles, a field strength should be judiciously selected.
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4. OTHER STEADY ANGLES AND SIMULATION SETUP
4.1. STEADY ANGLES FO R PARAMAGNETIC PARTICLES
The steady angles of paramagnetic particles for Sp > SCJ  was shown when the 
magnetic field was applied at an arbitrary direction. Figure 13 shows that for fi = n/4  and 
fi = 3^/4 , the steady angles demonstrated similar characteristics, as discussed in the main 
text. Both 4>sp+ and Qsp- angles diverge from into two branches, where Qsp- is stable 
and fisp+ is unstable. The major differences between the arbitrary cases and the (3 = 0 and 
fi = n / 2  cases were not only S™ and 0 £r values, but also the rate in which Qs approaches 
fi, as Sp increases above Sp . In the limit of an infinite-field strength, the particle’s major 
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Figure 13. Steady angles, fisp of the paramagnetic particle and the derivatives ^ | f o r  
field strength Sp > Scp , and r = 4, and (a) fi = n /4, and (b) fi = 3^ /4.
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Figure 14. Steady angles, 0 ^ of the ferromagnetic particle (r = 4) and derivatives 1 ̂  
for field strength S f > S J  and (a) ft = n , and (b) ft = 3n/2.
4.2. STEADY ANGLES FOR FERROM AGNETIC PARTICLES
Figure 14 shows the steady angles of a ferromagnetic particle and the corresponding 
derivatives, with r = 4 when (3 = n and 3n /2. Their behaviors were similar to those of the 
cases of ft = 0 and n /2  in Figure 8 . Note that there are two (when S f  > r2), three (when 
S f = r2), or four (when 2 Vr2 -  1 < S f < r2) steady angles when ft = 3n / 2 .
Figure 15 plots the steady angles for a ferromagnetic particle with aspect ratio 
r = 1.4 < V2, when ft = 0, n /2 ,n  and 3^/2. For S f > ScJ , there were two steady angles: 
0 / ,3,4 when ft = 0 and n, and <pf,1,2 when ft = n /2  and 3n/2. One of the two steady angles 
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Figure 15. The steady angles, <pŝ  of a ferromagnetic particle with r = 1.4 and derivatives 
1 for field strength S f  > SJ  and (a) yS = 0 , (b) yS = ^ / 2 , (c) yS = n and (d) yS = 3^/2.
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Figure 16. Schematic of numerical model of an ellipsoidal particle suspended in a simple 
shear flow under the influence of a uniform magnetic field.
4.3. NUMERICAL SIMULATION
An elliptical particle (r = 4) was immersed in a plane Couette flow with a shear 
rate j  = 80 s- 1, as shown in Figure 16. The liquid was a Newtonian fluid with density of 
1000 kg/m and dynamic viscosity of 0.1 Pa-s. The density of the particle was 1000 kg/m . 
The equivalent diameter of the particle was d = 7 pm. The size of the computational 
domain Q, was w = 100 pm, and l = 800 pm. The particle surface was denoted as r .  The 
Reynolds number of the flow, Re1 « pw2 j / p  = 8 x 10- 3, and the particle Reynolds number 
Re2 « pd 2 j / p  = 8 x 10- 5 , thus the effect of inertia was negligible. The lateral position of 
the particle was denoted by zp. The orientation angle of the particle was denoted by <p. A 
uniform magnetic field, H 0 was imposed at an arbitrary direction, denoted by yS.
The translation and rotation of particle in the x -  z plane were governed by Newton’s 
second law and Euler's equation:
dV Fmp = Fh,
dt
d u
1 p = L h +dt (31)
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where mp and \p are the mass and moment of inertia of the particle, U and m are the 
translational and rotational velocities of the particle, respectively, Fh is the hydrodynamic 
force, L m is the magnetic torque, and L h is the hydrodynamic torque. Note that m = <pey 
for the in-plane rotational motion of the particle.
The coupling of the flow and magnetic fields occurred via the velocity boundary 
condition of the flow field on the particle surface, given by:
u = U + m x  (xs -  xp), (32)
where xs and xp are the position vectors of the surface and the center of the particle. The 
hydrodynamic force and torque acting on the particle were given by:
Fa / (ah • n )dS, La / [ah x  (xs -  xp) • n)] dS, (33)
where a h is the hydrodynamic stress tensor acting on the surface of particle. The magnetic 
torque acting on the particle is L m = ^ 0 (m x Ho). The initial position C (0), and initial 
orientation of the particle 0 (0 ) = <p(0 )e^, the position of center C (t) = (xp,zp) and the 
orientation <p of particle were computed by:
t /* t
U( s') ds, and (p (t) = (p (0) + (p( s) ds. (34)
0
It was known that 2 D simulations can often give quantitatively different results from 
3D simulations. However, in terms of identifying salient features of physics, similarities 
between 2D and 3D flows at low Reynolds number often outweighed their quantitative 
differences. In fact, 2 D simulations of an elliptical particle in a simple shear flow were 
shown to accurately describe the in-plane rotational dynamics of a spheroidal ellipsoid 
in a 3D simple shear flow (see Reference (Feng and Joseph, 1995)). The 2D numerical 
simulations were validated by comparing them with the classical Jeffery Theory in prior
C (t) = C(0) + /
0
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Figure 17. Comparison between numerical simulations and theories: (a) particle rotation 
in a simple shear flow, (b) rotational period of paramagnetic particles in a magnetic field of 
yS = 0, and (c) rotational period of ferromagnetic particles in a magnetic field of y8 = 0. A 
particle aspect ratio r = 4 is used in these comparisons.
work (Zhang and Wang, 2018). Further, simulations with a magnetic field applied at yS = 0 
for particles in 2D simple shear flows showed an acceptable agreement with the theory, as 
shown Figure 17.
5. CONCLUSIONS
An investigation was conducted on the rotational dynamics of paramagnetic and 
ferromagnetic ellipsoidal particles that were simultaneously subjected to a simple shear 
flow and a uniform magnetic field. It was determined, analytically and numerically, that 
the critical field strength of an arbitrarily directed magnetic field pinned the particles at a 
critical angle. When the field strength was larger than the critical strength, the steady angles, 
at which the particles were impeded, were founded and their stability was analyzed. The 
number of stable steady angles was examined based on the the type and aspect ratio of the 
particle and the direction of the uniform magnetic field. When the field strength was smaller 
than the critical strength, the effect of field direction on particle rotation was analyzed. This 
analysis included the rotational period and the symmetry property of the particle’s rotational 
velocity. The results showed that the magnetic properties of the particles had a crucial role 
in the particle rotations and resulted in drastically different lateral migration behaviors when
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the particles were transported in wall-bounded shear flows. By using numerical simulations, 
an investigation was executed on the particle lateral migration by imposing magnetic fields 
perpendicular and parallel to the flow direction. It was shown that in the weak-field regime, 
the paramagnetic particles moved away from and towards the wall over a rotation of 2n, 
while the ferromagnetic particles exhibited negligible lateral migration. In the strong-field 
regime, paramagnetic and ferromagnetic particles migrated laterally at different velocities 
due to their difference in stable steady angles.
This theory suggested several feasible ways to separate paramagnetic and ferromag­
netic particles by applying magnetic fields parallel or perpendicular to the flow. Successful 
separation was possible when S f  and Sp were both smaller than their respective critical 
field strengths. Separation was possible in a strong field when both kinds of particles 
were impeded from rotation, which result in different stable steady angles. In practical 
experimental settings, it was also possible to achieve separation by having one particle in 
the weak field and the other in the strong field. Although the analysis was performed on 
a single particle, the results apply to dilute suspensions, as long as the particle-particle 
interactions were negligible. For example, in microfluidics applications, samples of interest 
often have low concentrations. This work has great potential to bio-separations of magnetic 
biological entities, such as magneto-bacteria, which had permanent moments and biological 
cells labeled with magnetic beads.
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ABSTRACT
An examination was conducted on a time-dependent, three-dimensional rotation 
of magnetic ellipsoidal particles in a two-dimensional, simple shear flow and a uniform 
magnetic field. The particles’ properties were either paramagnetic or ferromagnetic, and 
their rotational dynamics were compared based on the strengths and directions of an applied 
uniform magnetic field. The critical magnetic field strength that pinned the particles’ 
rotations was established. Above the critical field strength, the particles’ stable steady 
angles were determined. In a weak magnetic regime (below the critical field strength), a 
paramagnetic particle’s polar angle oscillated toward the magnetic field plane; whereas, its 
azimuthal angle executed periodic rotations. A ferromagnetic particle’s rotation depended 
on its initial angles and the magnetic field strength and direction. When exposed to a critical 
magnetic field strength, the particle’s rotational dynamics were either pinned in or out of the 
magnetic field plane. In a weak magnetic regime, a ferromagnetic particle either executed 
out-of-plane rotations or oscillated toward the magnetic field plane and performed periodic 
rotations. For both particles, the peaks and troughs of their oscillations were mathematically 
found, and their time-dependent rotations were studied through analytical and numerical 
analyses.
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1. INTRODUCTION
Magnetic fields are popular microparticle transportation methods for a variety of 
applications similar to electrical fields (Doi and Makino, 2016; Jiang et al., 2018; Kazemi 
and Darabi, 2018). For example, magnetic forces assisted as magnetic separators for min­
ing and biological cells, and they removed harmful metals to treat water for public health 
(Ambashta and Sillanpaa, 2010; Safavrik and Safarikova, 1999; Svoboda and Fujita, 2003). 
For the biomedical field, magnetic particles are used in magnetic fields for active drug 
targeting. The magnetic field is applied to convey the magnetic drug to specific body parts, 
with the goal to improve drug delivery and attack diseases such as cancer (Aviles et al., 
2007; Lubbe et al., 2001). Some methods of drug targeting include a ferromagnetic stent 
that attracts ferromagnetic spheres (Aviles etal., 2007), ferromagnetic nanoparticles in fer- 
rofluids (Lubbe et al. , 2001), and separated cells tagged with ferromagnetic or paramagnetic 
nanobeads (Safavrik and Safarikova, 1999). In these situations, magnetic manipulations 
required magnetic forces that were generated by a spatially nonuniform magnetic field or a 
magnetic field gradient (Alam et al., 2018; Grief and Richardson, 2005).
Past experimental (Zhou et al., 2017a) (studied in two-dimensions), theoretical 
(Sobecki etal., 2018) (studied in two-dimensions), and numerical applications (Matsunaga 
et al., 2018; Zhang and Wang, 2018) (studied in two- and three-dimensions) validated a 
novel improvement for manipulating the transportation of nonspherical particles placed in 
microfluidic devices with low-Reynolds-number flow fields and an applied uniform magnetic 
field. Most researchers studied or applied particles in microchannels that consisted a 
Pouiselle flow, where the Reynolds number was low (Re << 1), thus the rotational dynamics 
of a particle was considered important when studying lateral migration. In theory, when the 
particle is at an infinite distance away from the wall, the particle does not experience a net
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migration, and it was free to rotate because inertia was zero. When an ellipsoidal particle 
was near a wall, there was a particle-wall hydrodynamic interaction, i.e., a lift force, as 
an effect by the coupling of the rotational and translational motion of the particle. As a 
result, an ellipsoidal particle had a nonzero lift velocity that was perpendicular to the wall 
(Gavze and Shapiro, 1997; Leal, 1980). How much the particle oscillated depended on the 
particle-wall distances, the shear rate, and the shape of the particle. There were no external 
force(s) or particle inertia; therefore, the rotation was symmetric. The oscillatory motion 
of the particle after one periodic rotation led it to experience a zero net migration (Zhou 
et al., 2017a).
Even though a uniform magnetic field does not produce a magnetic force, a nonspher­
ical particle experiences a magnetic torque in which its rotational dynamics are affected 
(Stratton, 2007).The separation of ellipsoidal and spherical paramagnetic particles in a 
low-Reynolds-number flow was possible by applying a uniform magnetic field (Zhou et al., 
2017a). Applying a weak magnetic field broke the symmetry of the ellipsoidal particle’s 
periodic rotation in contrast to its rotation in a simple shear flow. The particle-wall in­
teraction allowed the ellipsoidal particle to perform a net migration toward or away from 
the wall-depending on the magnetic field direction-while the spherical particle’s lateral 
position did not change. Matsunaga et al. (2018) used a far field theory to evaluate how the 
rotation of a permanent (ferromagnetic) magnetic ellipsoid was pinned at a stable, steady 
direction. Depending on how a particle was pinned near a wall or in a closed channel, the 
ferromagnetic particle drifted towards or away from the wall. Sobecki et al. (2018) and 
Zhang et al. (2018) showed that by using theoretical and numerical applications, paramag­
netic and ferromagnetic ellipsoids were effectively separated in strong and weak magnetic 
fields applied in arbitrary directions. Results showed that the rotations of ferromagnetic 
and paramagnetic particles were pinned at different stable steady angles and their pinned 
directions resulted in different lateral migration speeds toward or away from the wall. When
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exposed to a weak magnetic regime, both particles yielded different times for one-half of 
a rotation. Particles oscillated toward and away from the wall in weak magnetic fields or 
drifted away from the wall in strong magnetic fields given their shape.
Although these studies provided important data, a solution for three dimensions was 
still needed. As microfluidic technologies advanced and became more complex, so did the 
fundamental problems and the desired solutions. Organs-on-a-chip, three-dimensional cel­
lular cultures, and microfluidic devices that guided drugs in quasi-human environments and 
could theoretically replace animal testing evoked interest (Santos et al., 2018). Therefore, 
time-dependent rotation of paramagnetic and ferromagnetic particles in three-dimensional 
environments and uniform magnetic fields were important attributes and they were included 
in similar studies (Demetriades, 1958; G°f and Frankel, 1995a; Jezek and Gilder, 2006; Mat- 
sunaga et al., 2017; Okagawa et al., 1974; Torres-Diaz and Rinaldi, 2014). Effective use of 
torques manipulated the rotation of particle, and was important when considering particle 
rotational dynamics in simple shear flows, such as when a uniform electric field was applied 
to ellipsoidal particles (Demetriades, 1958; Okagawa et al., 1974). Conversely, a uniform 
magnetic field was applied on permanent magnetic particles in either simple shear flows or 
closed channels (G°f and Frankel, 1995a; Matsunaga et al., 2017). So far, there were no 
studies that compared a time-dependent, three-dimensional rotation between ferromagnetic 
and paramagnetic particles in simple shear flows and when a strong or weak magnetic 
field was applied. This study contributed a three-dimensional rotation to assist with future 
analyses when applying strong and weak magnetic fields on a particle in a rectangular 
channel.
The knowledge about torques and rotational dynamics of ellipsoidal particles in sim­
ple shear flows was developed by Jeffery(1922). Paramagnetic and ferromagnetic particles 
in uniform magnetic fields, however, required a fundamental analysis of their respective 
magnetic torques. Past authors analyzed dielectric particles in simple shear flows and 
uniform magnetic fields (Demetriades, 1958), along with paramagnetic and ferromagnetic
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particles (G°f and Frankel, 1995a; Torres-Diaz and Rinaldi, 2014). Given the contrasting 
magnetic properties between paramagnetic and ferromagnetic particles, a uniform magnetic 
field had different effects on their magnetic torques and their angular velocities.
In Section ??, a theoretically impact of hydrodynamic torques (with subscripts h) 
and angular velocities of particles in a shear flow were analyzed by assuming that the 
Reynolds number was zero. The initial rotations of an ellipsoid affected its trajectory 
including the peaks, troughs, and amplitudes of the rotations. The particle's azimuthal 
angle <ph was only affected by the particle’s aspect ratio, but the particle’s polar angle 0h 
was influenced by the initial angles <ph,0 and 0h,o, the time-dependent rotations of <ph and 
0h, and the particle aspect ratio. In Sections 3.1 and 3.2, the time-dependent rotations 
for paramagnetic and ferromagnetic particles were studied in strong and weak magnetic 
fields, respectively, because their angular velocities had different dependencies; thus, the 
paramagnetic (with subscript p) and ferromagnetic (with subscript f  ) particles’ rotations 
in weak and strong field regimes behaved differently too. Similar to previous studies, 
two dimensionless parameters Sp and S f  were introduced as ratios between the magnetic 
field strength (applied on paramagnetic and ferromagnetic particles, respectively) and the 
hydrodynamic viscosity as well as the shear rate (Sobecki et al., 2018; Zhang and Wang, 
2018). Given the field strengths Sp and S f  and the magnetic field direction yS, the rotational 
dynamics of paramagnetic and ferromagnetic particles were manipulated. In strong field 
regimes (above critical field strengths), particles were pinned at a stable steady direction in 
the same plane as the magnetic field, but paramagnetic and ferromagnetic particles were 
pinned at different stable steady directions, <ps,p , 0P,S = § and <ps, f , 0f,s = §, respectively. In 
weak magnetic regimes (below the critical field strength), particles either oscillated toward 
the same plane as the magnetic field or performed periodic rotations. Given strong or 
weak magnetic field strength regimes, the magnetic properties of a particle, and the initial 
rotations, the rotation of the particle was evaluated. The peaks, troughs, and amplitudes of 
its rotation were determined.
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2. PROBLEM  FORMULATION
A simple case for a neutrally buoyant prolate spheroidal particle was considered, as 
shown in Figure 1. The ellipsoid is a micrometer-sized particle, so any Brownian effects 
were assumed negligible. The particle has one semi-major axis a, two semi-minor axes b, 
two initial angles <p0 and Q0, and one constant density pp . The particle was immersed in a 
nonmagnetic and Newtonian fluid with a constant density p f  and dynamic viscosity ^ with 
a simple shear flow in the x -z plane. With the shear flow, the fluid velocity field gradient 
and the vorticity were parallel to the x-, z-, and y-axis, respectively. The velocity of the 
fluid was u = j z  with j  the shear rate of the fluid. It was further assumed that the limit of 
the Reynolds number of the fluid was zero, thus any fluid or particle inertia were negligible. 
Also, an external uniform magnetic field applied to the x-z plane (i.e., perpendicular 
to the vorticity) was Ho = H0 [sin (0 ), 0 , cos (fi)], where Hq was its magnitude and y8
represented the direction of the applied magnetic field measured from the positive z-axis 
(i.e., perpendicular to the vorticity and parallel to the velocity field gradient). This region 
was described as the magnetic field plane. For a magnetic field direction perpendicular to 
the vorticity and parallel to the shear flow, the magnetic field direction was y8 = ^ / 2 .
2.1. HYDRODYNAMIC TORQUE
In the absence of a magnetic field and when the particle’s angles were out of the x -z 
plane, the particle experienced three hydrodynamic torques in a three-dimensional rotation. 
The torques were due to the simple shear flow in the x-z plane, and the hydrodynamic 
flow caused the particle to perform periodic rotations with two angular velocities that were 
important for this analysis: mhex = 0h and mhez = -  sin (Oh)<ph, where Oh and <ph were 
the hydrodynamic angular velocities for the Qh and <ph angles, respectively (Okagawa et al., 




Figure 1. Schematic of a magnetic prolate ellipsoidal particle with initial angles (p0 and 00 
in a simple shear flow. A uniform magnetic field is applied in an arbitrary direction fi and 
had a magnetic field strength H0. The angles denoted as <ph and Qh were later used as <pp 
and 0P for paramagnetic particles and <pf and Of for ferromagnetic particles.
form Lh = Lh,x + Lh,z (Okagawa et al., 1974; Sobecki et al., 2018),
L h,x
2Vt] (r2 + 1)
r2 Dxx + D zz y-
L h,z =
-2Vrj (r2 + 1) sin (0h)
... (r2 -  1) sin (2 0 h) sin ( 2 0h) 
4 (r2 + 1)
. r2 cos2 ((ph) + sin2 ((ph)
r2 D xx+ Dzz





where V = 3nab2 is the volume of the particle, r = a/b is the aspect ratio, and Dxx 
and D zz are the diagonal components of the demagnetization factors. In the equations 
above, demagnetization factors are identified as Dxx = 1 -  A and D zz = ^  |where A =
(7 T-1) -  - 3/ ^ j . They were later applied to find the total torque that added of the
hydrodynamic and magnetic torques acting on the ellipsoidal particle (Shine and Armstrong, 
1987). By setting the hydrodynamic torques to zero, the hydrodynamic angular velocities 
were rewritten in the dimensionless form of the well-known Jeffery Orbits (Jeffery, 1922;
eX
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Reed and Tryggvason, 1974; Sobecki et al., 2018),
4>h
r2 cos2 ((ph) + sin2 ((ph) 
r2 + 1 (3)
and
Oh
(r2 -  1) sin (2 0 h) sin (2 Qh) 
4 (r2 + 1)
(4)
where <ph = , ^̂h = p r , and 1 * = t j  is the period of rotation. Integrating Equation (3)
yields (Arbaret et al., 2001; Jeffery, 1922; Reed and Tryggvason, 1974)




+ k i n\ (5)
r
where k 1 = 0  or 1 , which made the arc-tangent parameter that lied between 0  and n, 
Th = ln(rr +1) is the dimensionless period for one full rotation, and 0 h,o is the initial 
azimuthal angle <ph. The polar angle Qh depended on the azimuthal angle <ph, and Equation 
(4) and Equation (3) were divided and integrating yielded (Arbaret et al., 2001; Jeffery, 
1922)
tan (Qh) = tan (0 h,o)
r2 cos2 ((ph,o) + sin2 ((ph,o) 
r2 cos2 ((ph) + sin2 ((ph)
(6 )
where 0h,o was the initial polar angle 6h. If 0h,o ^  o or n/2,  then dh oscillated between its 
peaks and troughs found on the 6h-curve when Equation (5) was set at Qh,max (at (ph = n/2  
or 3n/2) and Qh,min (at (ph = o or n and 2n), respectively (Gay, 1968). The amplitude was 
then founded for 6h (Oh,amp = Oh,max -  Oh,min). For the hydrodynamic case, Oh,amp remained 
positive except for two special cases: 0 h,o = o (a rolling log) and 0 h,o = f  (a particle rotating 
in the shear flow).
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2.2. MAGNETIC TORQUE
In the presence of a uniform magnetic field strength Ho, the particle experienced a 
magnetic torque L m = ^ 0 (m x H0) where m is the magnetic moment of the particle and ju0 
is the magnetic permeability of free space. A uniform magnetic field affected paramagnetic 
and ferromagnetic particles differently. The magnetic moment of a paramagnetic particle 
was an internal field that was induced by the external magnetic field; whereas, the magnetic 
moment of a ferromagnetic particle had a constant magnetization M0. The magnetic torques 
were different, even if they were both ellipsoids and had the same aspect ratios.
3.1. PARAMAGNETIC PARTICLE
A paramagnetic particle was assumed to be homogeneous and linearly magnetizable 
when exposed to a uniform magnetic field, thus m = H - , where x  is the magnetic 
susceptibility and H - is the internal magnetic field of the particle. The particle had its 
rotational dynamics affected by a magnetic field, and the total magnetic torque was found 
as, L mp = L mp,x + L mp,z since L mp,y = 0e>, (Okagawa et al., 1974; Sobecki et al., 2018; 
Stratton, 2007),





V*2jU0H0 (Dxx -  D zz) cos2 ((pp -  p) sin (26p) 
2 ( 1 + XDXX ) ( 1 + x D zz)
UU2jU0H2 (Dxx -  D zz) sin (20p -  2p) sin (6P) 






where (pp and 6P described the angles of a paramagnetic particle. The torque with respect 
to the vorticity was zero and was ignored for the analysis. By adding the magnetic and 
hydrodynamic torques and equating them to zero (L^ + L mp = 0), two angular velocities
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were found (Okagawa et al., 1974),
<P1




(r2 -  1) sin (2 (pp) sin (26p) + 4Sp cos2 ((pp -  0 ) sin (26p)
4 (r2 + 1)
(1 0 )
where Sp = wx̂ 0A, with A = ( ) ( )(u0i)Df ) , is a dimensionless variable that de­
scribes a ratio between the magnetic and hydrodynamic strengths, and it was the same 
defined variable as in previous works (Sobecki et al., 2018; Zhou et al., 2017b). It was 
observed that the equations above were periodic in <pp with period n because of the sym­
metrical rotation of the paramagnetic prolate spheroid given by sin (2<pp -  20) in Equation 
(9) and cos2 ((pp -  0) in Equation (10). For 6p , the boundary was set at (0 ,^ /2 ]. Hence, 
any magnetic field magnetic direction 0  + n had the same torque and particle motion as 0  
for the same (pp and 6p angles.
The value of the dimensionless variable Sp , however, described the magnetic effects 
on the orientation of the particle. If Sp was large, the particle pinned at a stable steady 
angle and was almost parallel to the magnetic field direction. As the magnetic field 
strength decreased, the particle’s angular velocity was affected by the magnetic field strength, 
direction, and the particle’s angular position. To further analyze the dimensionless variable, 
at an arbitrary magnetic field direction, the critical field strength (Spr) was founded to pin 
the particle at two critical angles fipr and 6pr. The dimensionless time dependency of 
the particle oscillated from its out-of-plane position to the magnetic field that lied on the 
xz-plane.
3.1.1. Param agnetic Particle in Strong M agnetic Field. A paramagnetic particle
in a strong field regime must meet the condition that Q + Sp (r2 -  1) sin (20) -  r2
was real. The analytic solution for tan (<pp) was founded by integrating Equation (9) to
58
establish the time-dependent rotation (Okagawa et al., 1974)
tan (<pp)
Sp cos (20) + Q tanh ( -  4f+j- + tanh 1 tan (0p,o)(1-Sp sin (2fi))-Sp cos (2/3)Q
(1 1 )1 -  Sp sin (20)
By dividing Equations (9) and (10) and integrating (Okagawa et al., 1974),
tan (6P) = tan (6p,o)
r2 cos2 ((ppfl) + sin2 ((ppfi) -  Sp sin (2<pp,o -  20) 
r2 cos2 ((pp) + sin2 (<pp) -  Sp sin (20p -  20)
Spt *
r 2 + 1 . (1 2 )
Equations (11) and (12) showed that when Sp ^  to, the particle’s semi-major axis was 
pinned at a stable equilibrium solution parallel to the magnetic field direction.
For a particle in a strong magnetic regime, the total angular velocity was zero, and 
the particle was pinned at in a neutrally stable direction when Sp = Scpr (Q = 0) and a stable 
steady angle when Scpr < Sp (0 < Q) (Sobecki et al., 2018). However, the particle was 
pinned at a stable steady direction on the magnetic field plane when t* ^  to in Equation 
(11) (Sobecki etal., 2018; Zhou etal., 2017b),
tan (4>p)
Sp cos (20) -  Q 
1 -  Sp sin (20) ’ (13)
which was the same equation from Zhou et al. (2017b) and Sobecki et al. (2018). By 




2r 1) 2 sin2 (20) + 4r2 -  (r2 1) sin (2 0 ) (14)
Thus, Equation (13) was re-expressed at the critical field strength
tan (4>p )
Scpr cos (20)
1 -  Scpr sin (20).
(15)
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The critical/stable steady angles and the critical field strengths were further observed in 
other studies (Sobecki et al., 2018; Zhang and Wang, 2018; Zhou et al., 2017b).
When Sp = Scpr, there was not a periodic rotation, as analyzed in Equation (11). 
Figure 2 showed the time-dependent rotation for r = 4 and magnetic field strengths above 
the critical, Sp = Scp + 1, for each of the magnetic field directions and at initial angles 
(pp,o = 0 and Op.0 = n/10. The particles’ rotations were placed on a rotation sphere to 
observe the effect of a particle in a three-dimensional trajectory (see Figure 2 (c)). A 
paramagnetic particle exposed to a magnetic field yS = 3^ /4  with the strength of Sp = 17, 
had a polar angle 6P rotated towards n / 2 quicker than all other magnetic field directions and 
strengths even when they began from the same initial angles. This was given by the polar 
angle 6p becoming dependent on the particle's azimuthal angle (pp . The particle exposed 
to a magnetic field direction yS = 3^/4  rotated backward toward its steady stable direction; 
whereas, all other magnetic field directions shown rotated forward to their respective stable 
steady states. Given the azimuthal angle <pp and the dimensionless time that it took to 
approach between <pPo < <pp < <psp , the particle's polar angle 6P quickly approached 
towards the magnetic field plane. An observation was made using Equations (11), (12), 
(13), and Figure 2: all aspect ratios, magnetic field strengths, and directions, and particle 
rotation speed toward its steady stable state depended on the initial position of the particle.
3.1.2. Param agnetic Particle in Weak M agnetic Field. In a weak field regime, 
0 < Sp < Scp , a paramagnetic spheroid’s azimuthal angle <pp completed asymmetric 
periodic rotations, but the rotational period increased as Sp approached Scp . Its polar angle 
6p , however, oscillated toward n / 2 , and the particle rotated in the x-z plane (i.e., a two­
dimensional rotation) as t* ^  to. A particle was in a weak field regime if g =| Q | where 
Q was an imaginary number. The equation was acquired by integrating Equation (9):
Sp cos (2yS) + g tan I + arctan tan (<pp,o)(1-Sp sin (2p))-Sp cos (2/3) g + k 1 n
tan ((pp) =
1 -  Sp sin (2yS) , (16)
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Figure 2. Time-dependent rotation of a paramagnetic particle under various magnetic field 
directions and their respective magnetic strengths Sp = Scpr + 1 for (a) the particle’s azimuthal 
angle $p with respect to time, (b) the particle’s polar angle 6P with respect to time, and (c) 
the rotation sphere that studied the particle’s trajectory as a result from (a) and (b) the initial 
angles were $ p ,0 = 0  and 6P,0 = n / 10 .
where Tp = ln(r +1) was the periodic time for a particle in a weak magnetic field. The 
rotation for tan (6p) in a weak magnetic field was the same as in Equation (12).
As in Figure 3, this theory was closely observed when a paramagnetic particle’s 
rotation was studied for both angles $p in (a) and 6P in (b) when r = 4, Sp = 0.5, 
0 p,o = 0 , 6p,o = n / 10 , and the magnetic field directions were = 0 , = n / 4, = n / 2 ,
and = 3n/4 for (a)-(c), (d)-(f), (g)-(i), and (j)-(l), respectively. Considering that the 
magnetic field strength was closer to the critical field strength for = n/4 (Spr = 1), Tp 
increased, consequently the particle’s polar angle 6P required fewer oscillations to approach 
a quasi steady state on the same plane as the magnetic field. Further observation was made 
on the rotation sphere, as in Figure 3 (c). This was then compared to a magnetic field 
direction = 3n/4 whose critical field strength was larger (Spr = 16), and it required more 
oscillations to have a particle’s polar angle 6P approach faster toward the magnetic field 
plane.
Their time-dependent rotation was based on the polar angle’s oscillations by finding 
its peaks and troughs. To know the amplitude on the particle’s polar angle 6P for each 
completed periodic rotation, there was an obligation to know exactly what $p value caused
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Op = 0, assuming that 0P ^  0 or n/2  and (pp ^  0. By setting Equation (10) equal to zero, 
the particle’s direction for this occurrence was derived,
tan (<p±)
1 -  r2 -  2Sp sin (2f3) ± ^j(r2 -  1)(r2 -  1 + 4Sp sin (2yS)) 
4 sin (yS)2Sp
(17)
for arbitrary magnetic field directions. For some magnetic field directions, even if the field 
strength was Sp < Spr , the square-root parameter was non-real, indicating that 0 ^  0 as 
0P ^  n / 2  (i.e., there were no oscillations as the particle approached the magnetic field 





.2 _ 1 , (18)
(pp = 'H/ 2 , (19)
tan ((pp,f}=n/l) =
,2 -  1
2Sn '
(2 0 )
(pp = 0 ,n. (2 1 )
Thus, from Equation (16), the oscillation time 5 was found to satisfy 0p = 0:
2 1
g
t tan ((pp) (1 -  Sp sin (2/3)) -  Sp cos (2yS) \ 
arctan I ------- -------------------------------------------I + k 1 n
/tan  ((pP0)(1 -  Sp sin (2/3))- Sp cos (2/3) \
arctan ------- ------------ -------------------------------- + k2n
\ 8  .
(2 2 )6
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where k 1 = 0  or 1 , and k2 = 0  or 1 that kept the first and second arc-tangent functions 
between 0 and n. The function tan ((pp) was replaced in Equation (16) with tan ( ) ,  
tan ((pp,p=0,n), or tan (<pp^=n/2) and set t* = 5 at these oscillations. To find the period of 
rotations for the additional peaks and troughs, nTp was added to Equation (22) where n was 
a non-negative integer and n = (0,1) corresponded to the first peak or trough. To find the 
particle’s polar angles 6P at these specific times, the results from Equations (17), (18), or 
(20), along with (22) were plugged into Equation (12). As t* ^  to, 6p = n/2,  but a quasi­
steady state was established for an amplitude that was less than one, and the peaks of the two 
consecutive amplitudes were divided by n/2  and had an error less than 1. Figure 3 (f) shows 
the rotation sphere for 0  = n / \  when (pp - and 6p-rotations were combined. Considering 
that the weak magnetic field strength was closer to the critical field strength of the respected 
magnetic field, and because the number of oscillations approaching n / 2 was minimal, the 
number of rotations around the rotation sphere decreased as well when compared to all of 
the other magnetic field directions.
3.2. FERROM AGNETIC PARTICLE
Similar to a paramagnetic particle, the magnetic torque on a ferromagnetic par­
ticle was calculated when it was assumed that its magnetization M 0 was parallel to its 
major axis. The magnetic moment applied on a ferromagnetic particle was m = VM 0 = 
VM0 [sin ((pf) sin (Of), cos (Of), cos ((pf) sin (Of)] with M0 denoting the magnitude of its 
magnetization. The magnetic torque on a ferromagnetic particle was L mf . The magnetic 
torque in the y direction was zero L mf,y = 0e>,, but the torques for the x, and z directions 
were,
L mf,x = H0VM0H0 cos (Of) cos ((pf -  J3)ex, (23)
L m f , z =  H 0V M 0H 0 sin (( p f  -  0 ) e z , (24)
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Figure 3. Time-dependent rotation of paramagnetic particles in a weak field regime (Sp = 
0.5) for (pp and dp , and their trajectories for (a)-(c) yS = 0, (d)-(f) yS = ^ /4 , (g)-(i) yS = ^ /2 , 
and (j)-(l) yS = 3^/4. Each of the symbols in (b), (e), (h), and (k) represented the azimuthal 
angle <pp that results 6P = 0 , but (f>p ^  0 .
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where Of and (pf were the angles of a ferromagnetic particle. By adding the 
hydrodynamic and ferromagnetic angular torques to zero ( L  + L m,f = 0 ), the total angular 
velocities (G°f and Frankel, 1995b) were found,
(p f  =
e f  =
[r2 cos2 ((pf) + sin2 ((pf)] sin (Of) -  S f  sin ((pf -  fi) 
(r2 + 1) sin (Of) ’
(r2 -  1) sin (2(pf) sin (20/ )  + 4 5 / cos (Of) cos ((pf -  fi)
4 (r2 + 1)
(25)
(26)
where S f  = wM°H°(̂ **+D^ ) and described the ratio between magnetic and hydrodynamic 
effects. As opposed to a paramagnetic particle’s dimensionless variable Sp, S f  was non-zero 
for spherical particles (r = 1).
3.2.1. Stability Analysis of Steady Angles. Equations (25) and (26) were nonlinear 
systems, thus finding their analytical solution was challenging. Therefore, the Runge-Kutta 
4 method (RK4) calculated the time evolution of Of and (pf numerically. To analyze 
the nonlinear dynamics of the ferromagnetic particle, the numerical results were analyzed 
and the angular velocities from Equations (25) and (26) applied the Lyaponov theorem 
in spherical coordinates (G°f and Frankel, 1995b). The eigenvalues that depended on the 
stability of the critical and stable steady angles were represented by ^  and £2,
-(r2 -  1) tan ((Pcfr) sin2 (OJ) ± 
2 (r2 + 1) ( 1 + tan2 ((pc*))£1,2 =
a
(27)
where a  = (r2 -  1) 2 tan2 ((pĉ ) sin4 (QJ) -  4 r2(1 -  sin2 (Qĉ ))(1  + tan2 ((pĉ ) ) 2. Thus, if
the real part of both eigenvalues was positive, then (pj and Qĉ  were deemed unstable. If 
the eigenvalues were both negative, then the critical angles were stable, and the particle 
performed periodic rotations around the point (pj and QJ, depending on the magnetic field 
direction and strength range. In this case, if 0/,° ^  n/2, then the particle performed a 
rotation toward (pj and QJ . If both eigenvalues were zero, they were neutrally stable.
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Before discussing the analysis of the strong and weak magnetic field subsections, these 
studies were divided into three cases: (pf = 0  and Of = 0 , (pf = 0  and Of ^  0 , and (pf ^  0  
and Of = 0 .
3.3. STABILITY ANALYSIS OF STEADY ANGLES: <pf  = 0 AND 0f  = 0
To impede the particle rotation ((pf = Of = 0) for any magnetic field direction, 
magnetic field strength, and particle aspect ratio, a ferromagnetic's critical angles was 
determined (G°f and Frankel, 1995b),
sin (0cfr) = ±Sf
tan ((py) = - r 2 cot (fi) ,




To find the maximum critical field strength of Equation (29), then the maximum limit was
5cr,maxf
^ s in 2 (fi) + r4 cos2 (fi)
2r
(30)
Otherwise, Equation 29 became indeterminate. For magnetic field strengths less than the 
maximum value, the critical directions were stable for n/2 < fi < n (3n/2 < fi < 2n) and 
unstable for 0 < fi < n/2 (n < fi < 3^/2) (G°f and Frankel, 1995b). When the critical 
magnetic field strength was at its maximum, the critical angles were neutrally stable at 
Qcy  = n/2  and at <py. The maximum strength needed to pin the particles when fi = n/2  and 
3n/2 was Scy  = r2, and the minimum strength needed to pin the particles when fi = 0 and 
fi = n was Scy  = 1. Their respective stability was found using the eigenvalues gained from 
Equations (28) and (29).
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3.4. STABILITY ANALYSIS OF STEADY ANGLES: (pf  = 0 AND 0f  * 0
For the second analysis, there were special cases in which particle direction had one 
of the angular velocities that became zero. In this case, the particles’ Of peaks, troughs, and 
amplitudes were derived. The special cases were when the magnetic field was perpendicular 
to the vorticity and perpendicular (J3 = 0 and yS = n) or parallel (J3 = n/2  and 3^/2) to the 
shear flow. For a general magnetic field direction that was not perpendicular or parallel to 
the shear flow, the polar angle 0 f  that allowed <p f  = 0 was established. By setting Equation 
(25) to zero (G°f and Frankel, 1995b), the following derivation was
sin (Of) s f  sin ( -  P) 
r2 cos2 ((pf) + sin2 ((pf)
which yielded a quartic equation for tan ((pf) that needs to be solved:
(31)
a4 (tan ((pf))4 + a3(tan ((pf ))3 + a2 (tan ((pf))2 + a 1 tan ((pf) + a0 = 0, (32)
where the coefficients were a0 = r 4 sin2 (Of) -  sin2 (yS)S2̂ , a\ = a3 = S^ sin (yS), a2 =
2r2 sin2 (Of) -  S 2̂ , and a4 = sin2 (Of) -  S2̂ cos2 (yS). If Of = | , then the same equation was 
obtained, as in a previous article for a two-dimensional rotation (Sobecki et al., 2018). If 
a4 * 0, Equation (32) admitted four solutions for tan ((pf),
[tan ((pf )] 1a,2a




'4^4 + ^  ± 2
-4 w 2 -  2p  + — 
I w




where from the ’± ’ notation, the sub-notations 1 a and 3a represented the ’+’ notation and 
2 a and 4a represented the ’- ’ notation, respectively, and where
P =
8^4a2 -  3^3 
8 a\
Q =
a"3 -  4a4a3a2 + 8a2ai
8«4
w = 2 P +
k  + f ,




Si = 2a2 -  9 aia2a3 + 27 ao + 27^4a4a2 -  12aoa2a4.
Two special cases were considered: (1) a magnetic field perpendicular (fi = 0, n) and (2) 
parallel (J3 = n/2, 3n/2) to the shear flow. Following similar procedures as the previous 
case, for y8 = 0  and y8 = n, the solutions were
[tan ((pf)] ia,2a +
(S2j. -  2r2 sin2 (Of)) + Sf^Js2̂ + 4r2 (r2 -  i) sin2 (Of)
i -  2S2 -  cos (2Of)
[tan ((pf)]3a,4a = ±
(34)
(S2j. -  2r2 sin2 (Of)) -  S f^ j s 2̂ + 4r2 (r2 -  i) sin2 (Of)
i -  2S2 -  cos (20f )
For yS = n/2  and 3^/2:
±
±
(S2 csc2 (0 f ) -  2r2) + S f  csc2
(S2j. csc2 (0 f ) -  2r2) -  S f  csc2
[tan ((pf )] ia,2a
2 -  2r2 + S2 + 2 (r2 -  i) cos (20f )
[tan ((pf )] 3a,4a
2 -  2r2 + S2 + 2 (r2 -  i) cos (20f )
(35)
When Of = |  in Equation (34) and (35), the same set of equations were established in a 
previous paper demonstrated (Sobecki et al., 2018).
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3.5. STABILITY ANALYSIS OF STEADY ANGLES: (pf  * 0 AND 6 f  = 0
For the third analysis, the same method as in Subsection 3.1.2 to find the peaks, 
troughs, and amplitudes was administered for a general magnetic field direction, a magnetic 
field that was perpendicular to the shear flow, and a magnetic field parallel to the shear flow. 
By setting Equation (26) to zero, the solution for the polar angle Of that made this condition 
true (G°f and Frankel, 1995b) was attained,
sin (0 ) = ~S f  C0S (^  -  ^
^ (r2 -  1) sin ((pf) cos ((pf)
(36)
For a general magnetic field direction, the (p/ -rotations that allowed (pf = 0 depending on 
the 0 f  -rotations was found,
bA(tan ((pf ))4 + (tan ((pf ))3 + b2 (tan ((pf ))2 + b 1 tan ((pf ) + bo = 0 , (37)
where the coefficients were b0 = cos2 (yS), b 1 = b3 = sin (2yS), b2 = 1 -  ——!) 2in (ef), and
3 f
b4 = sin2 (yS). To find the real solutions, the quartic-formula from Equation (33) replaced 
the 'a '  coefficients with the 'b '  coefficients. For the magnetic field perpendicular to the 
shear flow, the solution was reduced
[tan ((pf )] 1b2 b Sf± —_
^/sin2 (6 f  )(r2 -  1)2 -  S2f
, $f,3b = ^ /2 , <Pf,4b = 3n/2, (38)
and
J s in 2 (6 f  )(r2 -  1) 2 -  S2f
[tan ((pf )] m b  = ± --------------- ----------------- , (pf,3b = 0 or In, (pf,4b = n, (39)
S f
for a magnetic field parallel to the shear flow. For both equations, ^ f , 1b and (pf,2b were 
found if 0 < S f  < (r2 -  1). In the following sections, these three cases were analyzed for 
a particle with aspect ratios 1 < r < V2  and yf l  < r in strong and weak magnetic field
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regimes applied perpendicular and parallel to the shear flow. These ranges of aspect ratios 
described the number of steady angles for a ferromagnetic particle in a two-dimensional 
shear rate; a particle with an aspect ratio range 1 < r < V2  had two possible steady angles, 
and V2 < r either had four or two steady angles and depended on S f  (Sobecki et al., 2018).
3.5.1. Ferrom agnetic Particles in Strong M agnetic Field. In a strong field regime, 
the ferromagnetic particle impeded a direction on the x-z plane or an out-of-plane critical 
direction, as given in Equations (38) and (39). In a previous study, the critical values S J  
and (pj were studied for aspect ratios 1 < r < V2  and V2  < r , using analytical methods for 
the magnetic field perpendicular and parallel to the shear rate, and the bisection and RK4
methods were applied for all other directions (Sobecki et al., 2018). For any magnetic field
2
direction, when , r < S f , Of ^  n /2  and S f ^  6 % from the particle’s initial
angles. Considering that the particle projected towards the same plane as the magnetic 
field, Of = 0 was set and Equation (25) resulted in a two-dimensional equation given by a 
previous study (Sobecki et al., 2018). In this subsection, the rotation of the particle was 
analyzed for a magnetic field direction perpendicular and parallel to the shear flow.
3.5.2. Ferrom agnetic Particles in Strong M agnetic Field: Parallel to the Veloc­
ity Field G radient fi = 0. For a magnetic field perpendicular to the shear flow, a particle 
projected toward Of = n/2  and <pf = <pŝ in a strong field regime (SJ  < S f ). In this case, 
Equation (34) was relied upon to find the steady angles after setting Of = n/2.  In Figure 4, 
the stable steady angles for (a) r = 1.4 and (b) r = 4 and magnetic field strength of S f  = 2 
are <pffa and (pf,4a at Of = n / 2  because the respective angular velocities were (pf = 0  and 
Of = 0 at the same points. Additionally, in Figure 4, it was determined that if the rates of 
the angular velocities in each region in (a) and (b) were both negative, positive, or a mix 
by evaluating the angular velocities in those regions and by observing the time-dependent 
rotations. Figures 5 (a) and (d) shows that if the particle approached <pffa, and since
ef =n/ 2 < 0 , then <pffa was a stable steady angle; whereas, (pf,4a was unstable since
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Figure 4. Particle rotations that affected the particle’s angular velocity, (pf,a and (pf$ , for 
(3 = 0, Sf  = 2, and for aspect ratios (a) r = 1.4 and (b) r = 4.
0  < dtf> f  d$ f Qf =n/2 . Additionally, there were two <pf,b-values for aspect ratios 1 < r < V2
<P f  =  f  ,4a
where (p},b ± 0 but Of = 0, faf^b and <pf,4b because r2 -  1 < Sf  for Scj. < S f . For V2 <
there were four (p/ -values.
In Figure 5, the time dependency for the angles (pf in (a) and Of in (b) for (a)- 
(c) r = 1.4 and (d)-(f) r = 4 were observed. The initial angles were (0 /,0 , 0 /,0) = 
{(^ /4 , 3^/8), (3^/4, ^ /16), (9^/8, 3^/8), (11^/8, ^/4)} . For r = 1.4, the (pf and Of
angles were each dependent on both directions and the angular velocities. The example 
(pf0  = 9n/8 and Of,0 = 3n/8 showed that the particle’s polar angle Of initially decreased 
towards zero, while the particle’s azimuthal angle (pf increased (rotated forwards) towards 
2n since 0 < 0 /  and Of < 0 were in the range of (pf,4a < <pf < (pf,4b. Then, the particle’s 
polar angle 0f  reached its trough position at (pf = (p/ ,4  ̂ for the angular velocities (pf ^  0  
and Of = 0. Afterwards, both angular velocities were strictly positive, and the particle 
rotated towards its stable steady positions ((pf, 0 f ) = ((pf,3a, x / 2 ) .
Figures 4 (b), 5 (d), and 5 (e) were compared for the same initial angles and for r = 4. 
Initially, the angular velocities were 0 < 0 /  and 0 < Of because the initial angles were in the 
range <pf,1a < <Pf < (pf,4b and Of ((pffb) < Of < n / 2 . The particle’s polar angle Of reached
its peak position at (pf = (pf^b since Of = 0 and 0 < (pf. Afterward, the particle’s polar 






-0/,0 =  7r/4, fyi0 =  3?r/8 
-0/,o =  3tt/4 , Off i  =  7T/16 
~0/,o =  97t/8 , Oj q  =  3?r/8 
4 / ,o  =  l l i r /8 , fl'/,o =  ir/4
(b) "/2











Figure 5. Time dependent rotation for 0 /  and 0 /, and their trajectories for ff = 0, 5 /  = 2, 
and for aspect ratios (a)-(c) r = 1.4 and (d)-(f) r = 4.
0  < <pf and Of < 0  with the time-dependent rotation in the range of 0 f,4b < <pf < <fif,2b 
and Of (<pf,2b) < Of < n / 2. When <pf = <pf,2b, Of = 0, and 0 < 0 /  and 0 / (<pf,2b) was at
the particle's trough for the polar angle Of. When <pf,2b < <Pf < <Pf3 a, 0 < 0 /  and 0 < Of. 
Thus, the particle rotated towards the same stable steady angle as r = 1.4.
Figure 5 (c) shows a rotation sphere for r = 1.4 and Figure 5 (f) for r = 4 regarding 
the initial angles used. Even though the stable steady angles were different for various 
aspect ratios and strengths, the particles’ trajectory may not have taken the shortest path to 
the stable steady angle. For initial angles (0 /,0 , Of ,0) = {(3n/4, n/16) , (11^/ 8 , n/4)},  the 
particle’s trajectory curved toward the stable steady angle because the particle’s polar angle
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0f  oscillated or experienced at least one amplitude. If keeping the particle from curving 
nor oscillating (to rotate towards its stable steady angle faster) was the goal, then S f  had to 
be large enough such that (pf,\b and <pf,2b did not exist.
When a magnetic field was applied at yS = n, Figures 4 (a) and (b) experienced 
shifts for the azimuthal angles <pf,a and (pff and affected the particles’ angular velocities. 
Compared to yS = 0, the <pf,a-values and <pff-values when the magnetic field was applied 
at yS = n were <pf,3a + n and <pf,4a + ^, whereas <pf,\b -  n and <pf,ib -  n, respectively. The 
angles <pffb and <pf^b were the same.
3.5.3. Ferrom agnetic Particles in Strong Magnetic Field: Parallel to the Shear 
Flow yS = ^ /2 . For a ferromagnetic particle in a strong field regime parallel to the shear 
flow, the strength to pin the rotation of the particle was r2 < S f  for all aspect ratios. 
There were only two steady angles (shown in Figures 6  (a) and 6  (b)) with magnetic field 
strengths of S f  = r2 + 1. For particle aspect ratio V2 < r , there were a range of strengths 
where the ferromagnetic particle was pinned when it was initially out of the shear flow and 
magnetic field plane 2Vr2 -  1 < S f < r 2. For this range of magnetic field strengths, a 
particle was either pinned at its stable steady position or executed periodic rotations. For 
some initial angles, 0 / ,o and 0 / ,o, there was a range of initial angles that had the particle 
orient toward its stable steady position. Shown in Figure 6  (c), there were four steady 
angles (two stable and two unstable) on Of = n /2  and an out-of-plane critical point on 
<pj and 0J  obtained from Equations (28) and (29), respectively. Additionally, there were 
four fif,b values to satisfy (pf ^  0 and Of = 0. Figures 6  (a) and 7 (a)-(c) represent 
a ferromagnetic particle with r = 1.4, and magnetic field strength Sf  = r2 + 1. When 
r2 -  1 < S f , there were two (pf^-values: <pffb = 0 , 2n and <pf,4b = n, and two <pf,a-values: 
<pf!a and (pf^a. The points where both angular velocities were zero were Of = n/2, <pffa 
(unstable steady angle), and <p f,2a (stable steady angle). The time-dependent rotation for <p f  
in Figure 7 (a) shows that the particle with initial angles was greater than the stable steady 
angle <pf$ = 3n/4, 9n/8, and 11^/8 rotated backwards because (pf < 0 was in the range
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Figure 6. Particle angular velocity regions described by the particle rotations Of, and
0 /  = 0 /,a and 0 /  = 0/,^, for /3 = n/2  and for (a) r = 1.4 and (b) r = 4, and for Sf  = r 2 + 1, 
and (c) r = 4 for 2Vr2 -  1 < S7 = 10 < r2.
of 0 /,2a < 0 /  < 0 / ,1a. The initial angle less than the stable steady angle (0 /,o = ^ /4 ) 
rotated forward because 0 < 0 /  in the range of 0 /,3  ̂ < 0 /  < 0 /,2a . In Figure 7 (b), the 
time-dependent rotation for Of showed how the particle rotated based on the initial angles. 
In the region 0 /,3fo < 0 /  < 0 /,4  ̂ , 0 < Of, and the polar angle Of approached ^ /2 . In 
the 0 /,4fc < 0 /  < 0 / ,3fc = 2^ region, Of < 0; therefore, the particle approached its trough 
at 0 / ,3fc and 0 /,4  ̂ during its rotation towards the stable steady state position, as shown 
in Figure 7 (b), for initial angles (0 /,0 ,#/,0) = {(9^/8, 3n/8) , (11^/8,^/4)}. When the 
time-dependent rotations from Figures 7 (a) and 7 (b) were combined onto a rotation sphere 
(see Figure 7 (c)), the trajectory of the particle for all initial angles was observed. Similar 
effects were seen for the aspect ratio r = 4 in Figures 6 (b) and 7 (d)-(f) for Sf  = r2 + 1. 
Given that the aspect ratio and the strengths were larger for r = 4 than for r = 1.4, there
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were different values for (pf,\a and <pf,2a such that the steady angles were closer to n /2  and 
3n/2, respectively, for this strength. A particle with r = 4 oriented towars its stable steady 
position similar to r = 1.4.
Figures 6  (c) and 7 (g)-(i) represent a ferromagnetic particle with r = 4 and a 
magnetic field strength of S f  = 10 (in the range 2Vr2 -  1 < S f  < r2). Given S f < r 2 -  1, 
there were four <pf,a-values and four <pff-values. In this case, there were four steady 
angles (two stable and two unstable) on the plane of the magnetic field. One out-of-plane 
critical angle was calculated from Equations (28) and (29) (since S f  = 10 < r2) and was a 
neutrally stable steady angle. At initial angles near the neutrally stable steady angle (i.e., 
outside the basin of attraction), the particle completed periodic rotations around the critical 
point, as shown in Figure 7 (c). In Figures 7 (g) and 7 (h), the particle executed periodic 
oscillations for both <pf and Of angle when the initial angles were 0 / ,o = 15^/16 and 
Off) = n/4. The amplitudes of the oscillations were both periodic and change for different 
initial angles. For initial angles inside the basin of attraction and outside the region of 
0 /,3a and (pf,4a, the particle was pinned at a stable steady angle. Given a particle with the 
initial angles (0/,o,0/,o) = {(n/4, n /4 ) , (3n/4,n/4) , (3n/2,n/8)} from Figures 7 (g)-(i), it 
rotated toward <p2,a. Similarly, it was found that <pf,1a and <pf,4a were unstable steady angles, 
while fyffa was a stable steady angle. The particle rotated towards 0 /,3a if Of,0 = n/2  and 
<Pf,4a < <Pf,0 < <Pf,1a.
Compared to yS = n/2,  the <pf,a-values and <pf,b-values for yS = 3n/2 are <pf,1a -  n 
and (pf^a + n from Figures 6  (a), 6  (b), and 6  (c), 0 /,3a -  n, and 0 /,4a + n from Figure 6 
(c), and (pf!b -  n and (pf^b + n from Figure 6  (c), respectively. The angles $f,3b and <pf,4b 
were the same.
3.5.4. Ferrom agnetic Particle in Weak Magnetic Field. In a weak field regime, 
assuming that the initial angles of a ferromagnetic particle were out-of-plane, it executed 
periodic rotations for a magnetic field perpendicular and parallel to the shear flow. The 
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Figure 7. Time-dependent rotation for 0 /  and Of, for y3 = n/2, and for aspect ratios (a)-(c) 
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performed periodic rotations around the critical point. For certain initial angles, there was 
an orbital region in which 0 /  did not execute periodic rotations (i.e., 0 /  will oscillate), 
and Of conducted periodic oscillations with one amplitude for y3 = 0  or two amplitudes for
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ft = n/2. For all aspect ratios, when ft = 0 there were two <pf,a-values and four 0 /,^-values. 
For ft = n / 2, an aspect ratio of 1 < r < V2 had two 0 /,a-values, while aspect ratios V2 < r 
had four 0 / ,a-values; there were four 0 /,^ -values for all aspect ratios.
3.5.5. Ferrom agnetic Particle in Weak M agnetic Field: Parallel to the Velocity 
Field G radient ft = 0. A magnetic field applied perpendicular to the shear flow was 
expressed as a weak magnetic field when Sf  < 1 for all aspect ratios. Shown in Figure 8 
were the angular velocity effects for the azimuthal angles 0 /,a and 0/,^, for (a) r = 1.4, and 
(b) r = 4 and for the magnetic field strength S f  = 0.5. For ft = 0 and for 1 < r , the critical 
angles were 0 "  = n/2  and = arcsin (S f ). The curves for 0 /,3a and 0 /,4a otherwise 
differed for each aspect ratio; each aspect ratio affected the time-dependent periodic rotation 
of the particle seen in Figure 9, even when each particles’ initial angles were the same. The 
periodic rotation around the critical point changed, as seen in Figures 9 (c) and 9 (f). For the 
aspect ratio r = 4, the path of the rotation around the critical point became more elliptic and 
the amplitudes (Figure 9 (e)) differed greatly for 0 /,0 = 3^/4  and df,0 = n / 16. The time 
to complete a periodic rotation became longer than for r = 1.4. Additional observations 
are presented in Figures 9 (a) and 9 (b) for r = 1.4 that particles with initial angles 
(0 /,0 ft/,0) = {(n/4, 3n/8), (9n/8,3n/8), (11n/8,n/4)} experienced oscillations for the 
polar angle Of and periodic rotations for the azimuthal angle 0 /. Considering that they
A- 0/,3a
• -<h, IS— ■- 4>f,2b— ▲-
-♦ - 4>i,&
Figure 8 . Particle angular velocity regions described by the particle rotations Of, and 
0 /  = <Pf,a and 0 /  = 0 /,^, for ft = 0 , for S f  = 0.5, and for aspect ratios (a) r = 1.4 and (b)
r = 4.
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Figure 9. Time-dependent rotation for 0 y and Of, and their trajectories for fl = 0, S = 0.5, 
and for aspect ratios (a)-(c) r = 1.4 and (d)-(f) r = 4.
performed periodic rotations, the particles’ rotations experienced two amplitudes for Of 
during their time-dependent rotation. For the initial angles (pf,0 = 3n/4 and Of,0 = n / 16, 
the particles’ azimuthal angle 0 /  executed periodic oscillations, as well as for the polar 
angle Of. By using the numerical analysis, the particles did not rotate around the zenith 
of the sphere, as seen in Figure 9 (c), but rotated around the critical point instead. One 
observation was that the particles were initially in the region (pf,3a < 0 /  < 0 / ,4a and 
0  < Of < 0J  and encircled around the critical point because there was only one constant 
amplitude. Further observations were made for r = 4. For all of the particles’ initial angles, 
they were outside the region of orbit because the particles completed periodic rotations 
and had two constant amplitudes. Therefore, it was concluded that for this magnetic field
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direction and strength, as long as the initial rotations were outside the region of orbit, the 
particles executed periodic rotations for its azimuthal angle (pf .Figures 9 (c) and 9 (f) show 
a rotation sphere for r = 1.4 and r = 4, respectively.
Compared to {3 = 0, the <pf,a and <pf,b -values for {3 = n are <pffa + n and <pf,4a + n, 
and <p/,1b -  n and (pf,2b -  n, respectively. The angles <pffb and <pf,4b were the same.
3.5.6. Ferrom agnetic Particle in Weak M agnetic Field: Parallel to the Shear 
Rate = ^ /2 . For a magnetic field parallel to the shear flow, a particle was in weak field 
regime when S f < r 2 for aspect ratios 1 < r < V2, and Sf  < 2Vr2 -  1 for aspect ratios 
V2 < r . Figure 10 shows the angular velocity effects for the azimuthal angles 0f,a and 0/,^ 
when (a) r = 1.4 and (b) r = 4 with a magnetic field strength S f  = 5. For {3 = n/2  and for 
all aspect ratios, the critical angles were (pcJ  = n and 6CJ  = arcsin (S f  / r 2) . For all aspect 
ratios, there were four <pf^-values. For 1 < r < V2, there were two (pf,a-values, 0f,1a and 
f ,2a, while V2 < r had four (pf,a-values. Similar to the magnetic field perpendicular to the 
shear flow, the particle's rotation was affected by the magnetic field strength, the particle 
aspect ratio, and the initial directions.
For a particle aspect ratio r = 1.4, the $ f  1b-curves and $ f  2b-curves converged 
closer to n/2, as the strength approached its critical strength. For the magnetic field 
strength S f  = 0.5 and for initial angles <pf$ = 3/r/4 and = zr/16. the particle was in the
(pf = 0f,a and 0 /  = tpf'b, /3 = n/2,  and for aspect ratios and strengths (a) r = 1.4 for 
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Figure 11. Time dependent rotation for 0 /  and Of, and trajectories for yS = n/2, and for 
aspect ratios (a)-(c) r = 1.4 for S f  = 0.5 and (d)-(f) r = 4 for S f  = 5.
region of orbit; therefore, 0 /  did not complete a full periodic rotation and Of experienced 
only one amplitude. Other initial angles used in this example were outside of the region of 
orbit, so (pf executed periodic rotations and Of executed two periodic amplitudes with their 
ranges of oscillations varying due to the angular velocities that the particle experienced.
The rotation spheres in Figures 11 (c) and 11 (f) show that for some aspect ratios, 
the initial angles was in the region of orbit because the trajectory of the particle did not 
encircle the zenith of the sphere. The effects of the particle path and initial rotations 
from Figure 11 indicated that for the aspect ratio r = 4 and initial angles (0 /,O,0/,O) = 
{(3^/4, ^/16), (1 1 ^ /8 ,^ /4 ) | in (d), and that the azimuthal angle 0 /  oscillated between 
n/2  and 3n/2 and the polar angle 0/  oscillated between 0 and 3n/8 in (e). Unlike a magnetic 
field perpendicular to the shear flow, a particle in this example had two periodic amplitudes
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since (pf approached (pf,1b, (pf,2b, and (pf,4b; although, it was still be possible to have one 
amplitude if the initial rotations were close to the critical point. The other initial rotations 
were outside of the region of orbit and because of that, the particle executed periodic 
rotations and their amplitudes varied depending on the angular velocities throughout the 
time-dependent rotation.
Compared to yS = f , the <pf,a- and <pf,b-values for yS = 3n/2 depended on the aspect 
ratio. For r = 1.4 and S f  = 0.5, the <pf,a-values were <pf,\a -  n and <pf,2a + n, and for r = 4 
and S f  = 5, the values were <pf4 a -  n, <Pf,2a + n, <Pf,3a -  n, and (pf,4a + n. For both aspect 
ratios, the <pf,b-values were (pf^b -  n and <pf,2b + n, but the angles <pffb and <pf,4b were the 
same.
3.5.7. Ferrom agnetic Particle Rotation a t yS = ^ /4 . For a magnetic field direction 
at yS = n/4 (J3 = 5^/4), the particle rotated towards its stable steady position for strong field
regime , r < S f  . In a strong field regime, it was assumed that Of = n/2
& \Vsin2 (p)-r4 cos2 (y8) f ) & & 1 '
and Equation (33) was used to find the stable steady angles. Shown in Figure 12, there 
were two <pf,a-values, <pf,3a and <pf,4a, for both r = 1.4 in (a) and r = 4 in (b). For 
r = 1.4, there were two <pf$-values, <pf4b and <pf,2b, and four (pff  -values for r = 4. In 
both cases, the stable steady angles are Of = n / 2 and $f,3a, while <pf,4a was an unstable 
steady stable angle. Therefore, by comparing Figures 12 and 13, the particle's behavior 
was determined, as it rotated towards its stable steady position. Furthermore, the trajectory 
of the particle for r = 1.4 in Figure 13 (c) and for r = 4 are presented in Figure 13 (f). 
Given the initial rotations, the magnetic field strengths, and the aspect ratios, the trajectory 
of the particle was observed for theoretical and numerical studies. For the initial rotations 
(<pff), Of,0) = {(9n/8, 3n/8), (11^/8, n/4)},  the ferromagnetic particle, for both aspect 
ratios, curved around the zenith of the rotation sphere, while the initial rotation <py,0 = 3n/4 
and Qffl = n/16 curved towards the zenith and then approached the stable steady angle.
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Figure 12. Particle angular velocity regions described by the particle rotations Of, and 
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Figure 13. Time dependent rotation for 0 /  and Of, and their trajectories for (3 = n/4, 
S f = 2, and for aspect ratios (a)-(c) r = 1.4 and (d)-(f) r = 4.
For a magnetic field strength S f<  —
V'sin2 (0)+r4 cos2 (0)
, the real part of the eigenvalues
were positive as calculated from Equation (27). Therefore, (pĉ  and 0cf  were unstable angles 
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Figure 14. Particle angular velocity regions described by the particle rotations Of, and 
0 /  = $f,a and 0 /  = , for (A = n j 4, S f = 0.5, and for aspect ratios (a) r = 1.4 and (b)
r = 4.
rotations. Shown in Figure 14, there were four -values for r = 1.4 in (a) and two - 
values, <pffa and $ f ,4a, for r = 4 in (b). For r = 1.4, there were two $ f f  -values, <pffb and 
$f,2b, and four 0 /,^-values for r = 4. In both cases, the ferromagnetic particle conducted 
oscillations and rotations. Unlike the paramagnetic particle, the angular velocities for the 
ferromagnetic particle depended on both angular directions. Therefore, the particle’s 0 /  
periodic rotation constantly changed, as Of approached towards n j2. Figure 15 shows the 
rotation of a ferromagnetic particle for (a)-(c) r = 1.4 and for (d)-(f) r = 4 and for the 
magnetic field strength S f = 0.5. A particle with aspect ratio r = 1.4 oscillated faster 
to the same plane than the aspect ratio r = 4 because the strength to impede the particle
in magnetic field plane, S f = = was greater, as the aspect ratio increased.
/sin2 (p)+r4 cos2 (0)
Consequentially, the rotation of the particle slowly approached the magnetic field plane. 
Furthermore, the trajectory of the particle for r = 1.4 is seen in Figure 15 (c) and for 
r = 4 in Figure 15 (f). Given the initial angles, the magnetic field strengths, and the aspect 
ratios, the trajectory of the particle -  given the theoretical and numerical studies where the 
ferromagnetic particle for r = 1.4 -  rotated around the sphere less than r = 4. For r = 4, the 
rotation of the particle initially had a larger elliptic shape around the zenith and converged 
to a circular rotation around the sphere at Of = n j2.
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Figure 15. Time dependent rotation for 0 /  and Of, and their trajectories for fi = n/4, 
S f = 0.5, and for aspect ratios (a)-(c) r = 1.4 and (d)-(f) r = 4.
3.5.8. Ferrom agnetic Particle Rotation a t = 3 ^ /4 . For magnetic field direc­
tions fi = 3n/4  (fi = 7^/4), the particle rotated towards its stable steady position in a strong 
field regime or oscillated towards its stable steady critical angle and 0J  obtained from
Equations (28) and (29) because the eigenvalues were negative. For a particle in a strong
field regime, < S f , 0 = n /2  and Equation (33) was used to find the stablerTcoŝ Ge)
steady angles. Shown in Figure 16, there were two 0 /,a- values, <pf,1a and <pf,2a, for both 
r = 1.4 in (a) and r = 4 in (b). For r = 1.4, there were two 0 /,^-values, <pf,3b and (pf,4b, 
and four 0 /,^ -values for r = 4. In both cases, the stable steady angles were Of = ^ /2 , and 
0/,m  while <pf,2a was an unstable steady stable angle. Therefore, by comparing Figures 
16 and 17, the particle’s behavior was observed, as it rotated toward its stable steady posi­
tion. Furthermore, the trajectory of the particle for r = 1.4 can be seen in Figure 17 (c), 
and for r = 4 in Figure 17 (f). Given the initial angles, the magnetic field strengths, and
2r
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the aspect ratios, the trajectory of the particle was observed based on the theoretical and 
numerical studies. For the same initial angles of the magnetic field direction y3 = n/4. the 
ferromagnetic particle, for both aspect ratios, curved towards the stable steady angle.
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Figure 16. Particle angular velocity regions described by the particle rotations Of, and 
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Figure 17. Time-dependent rotation for 0 /  and Of, and their trajectories for yS = 3^/4, 
5 /  = 2, and for aspect ratios (a)-(c) r = 1.4 and (d)-(f) r = 4.
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Figure 18. Particle angular velocity regions described by the particle rotations Of, and 






Figure 19. Time dependent rotation for 0 /  and Of, and their trajectories for y3 = 3^/4, 
S f = 0.5, and for aspect ratios (a)-(c) r = 1.4 and (d)-(f) r = 4.
For a magnetic field strength
s
, an evaluation from
/ in2 (J3)-r4 cos2 (J3)
re Thncrt and ./
4 f
were stable angles and the particle oscillated towards the critical angles. In Figure 18, there
Equation (27) stated that the real part of the eigenvalues were negative. hus, (pcJ  and 0cr
2r
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were four (pf,a values for r = 1.4 in (a) and two (pf,a-values, (pf,\a and (pf,2a, for r = 4 in 
(b), two (pf^-values, fif,3b and <pf,4b, for r = 1.4, and four <pf,b-values for r = 4. Figure 19 
shows the oscillation of a ferromagnetic particle towards the stable critical angles for (a)-(c) 
r = 1.4 and for (d)-(f) r = 4 and for the magnetic field strength S f = 2. Larger particle 
aspect ratios oscillated slower toward their critical angles. An additional trajectory of the 
particle can be seen in Figure 19 (c) for r = 1.4 and for r = 4 in Figure 19 (f). Given the 
initial angles, the magnetic field strengths, and the aspect ratios, observation of the particle 
trajectory given the theoretical and numerical studies, the ferromagnetic particle spiraled 
toward the critical angle. The shape of the spiral initially became more elliptical and then 
became less elliptical, until the particle approached the critical angles.
4. CONCLUSIONS
A time-dependent, three-dimensional rotation regarding paramagnetic and ferro­
magnetic ellipsoidal particles in simple shear flows and in a uniform magnetic field was 
investigated. The particle rotations were analyzed analytically and numerically due to the 
magnetic field, and the critical field strengths and directions were determined. For para­
magnetic particles exposed to a magnetic field at or above their critical field strengths, 
the critical/stable steady angle was found. Two coupled ordinary differential equations 
describing the time evolution of the particles' rotation were analyzed from its initial angle 
to its stable steady angle. If the magnetic field strength was less than the critical, the 
paramagnetic particle oscillated towards the magnetic field plane and continued to execute 
periodic rotations. The analytical equations that determined the maximum and minimum of 
6p during the periodic rotation were established. Knowing the peaks and troughs allowed 
the amplitudes to be determined. The magnetic field strengths and directions calculated the 
number of oscillations that the particle experienced.
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For a ferromagnetic particle, the critical angle’s stability was determined by ana­
lyzing the eigenvalues calculated from the Lyaponov theorem in spherical coordinates. If 
the magnetic field strength was greater than the critical field strength, the ferromagnetic 
particle’s rotation was pinned at a stable steady angle and lied in the magnetic field plane. 
When a magnetic field was applied perpendicular to the vorticity, and was either parallel 
or perpendicular to the simple shear flow, the ferromagnetic particle impeded at a stable 
steady angle. For a magnetic field parallel to the simple shear flow, and for a certain particle 
aspect ratio, it was determined that there was a range of magnetic field strengths for a 
particle to rotate towards a stable steady angle. Conversely, it was possible that the ferro­
magnetic particle executed periodic rotations around the critical angle. When the magnetic 
field strength was less than the critical field strength, the ferromagnetic particle executed 
periodic rotations around the critical angle, but whether the particle’s azimuthal angle <pf 
executed complete rotations or oscillated was numerically determined.
For both strong and weak magnetic field strengths, multiple analytic equations 
founded the directions of the ferromagnetic particles and caused one of the angular velocities 
equal to zero. These equations established the peaks and troughs of the ferromagnetic 
particle’s rotation. To analyze the time-dependent rotations for the angles <pf and Of, a 
numerical analysis was used to determine the peaks, troughs and amplitudes, and analyze 
the behavior of the particle in weak and strong magnetic field regimes. If the magnetic 
particle was placed in an arbitrary direction, the particle either oscillated to the same plane 
as the magnetic field and performed periodic rotations, or it oscillated and pinned at a 
critical angle (seen in the appendix).
Given the analyses on the rotational dynamic differences between paramagnetic and 
ferromagnetic particles, this work offered a key to efficiently separate magnetic materials 
or deliver drugs without using a magnetic force. If a magnetic field strength was applied 
at an arbitrary direction, it was noticed that Sp and S f  were unique and affected their 
respected angles <pp, 0P, <pf, and Of. Considering that their critical strengths differed, for
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each magnetic field direction and particle aspect ratio, a magnetic field strength resulted 
in S J  < S f  but Sp < Scpr and vise-versa. Analyzing their angular velocities and pinned 
directions assisted in separations because a ferromagnetic particle may had its rotational 
dynamics pinned out of the magnetic field plane; whereas, a paramagnetic particle either 
pinned or executed periodic rotations on the magnetic field plane. If both particles lied on 
the magnetic field plane, their stable steady directions and angular velocities identified what 
type of magnetic particles were observed.
By further analyzing their time-dependent rotations, their migration behaviors in 
rectangular channels were predicted. In this case, the migration of the particle depended 
on its rotational dynamics and the particle-wall interaction. In two-dimensional cases, 
previous authors used a dimensionless variable, t , as a ratio between the amount of time the 
particle spent in the first half of its rotation (<p from 0 to ^ /2 ) with the time it spent in a full 
rotation (cp from 0 to n) (Sobecki et al., 2018; Zhang and Wang, 2018; Zhou et al., 2017b). 
Accordingly, a particle in the absence of a magnetic field oscillated, but it did not experience 
a net migration after one periodic rotation because the rotation was symmetric (r  = 0.5). 
When a magnetic field was applied, the symmetry of rotation was broken. If r  < 0.5, the 
result was a migration towards the channel wall. When r  > 0.5, the particle migrated away 
from the channel wall. When the magnetic field was strong enough to pin the particle at a 
stable steady angle, the particle had a net migration toward or away from the wall without 
any oscillations. In these cases, the paramagnetic and ferromagnetic particles had different 
t  values because separation between the two was feasible (Sobecki etal., 2018). Matsunaga 
et. al. (2017) discussed the dynamics of a ferromagnetic particle in a rectangular channel 
and under a two-dimension magnetic field that pinned the particle at a stable steady angle. 
Research evaluations considering the particle’s rotation in a rectangular channel and under a 
weak magnetic field were not included. While this study mentioned a deeper understanding 
regarding the comparison between paramagnetic and ferromagnetic particles, it would be 
beneficial for these particles to be further studied. By using the theoretical analysis from
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this and previous articles, a particle’s rotational dynamics in an unbounded fluid domain 
can be applied to a particle in a closed rectangular channel using the far-field theory from 
Matsunaga et. al. (2017), thus, attempting to predict the particle’s dynamics.
Even though these particles were studied separately, an effective separation/deliverance 
occurred when a concentration of particles was diluted enough to prevent particle-particle 
interactions. These rotational dynamics assisted as a cost effective separation of paramag­
netic or ferromagnetic ellipsoidal particles and identified elements in mining explorations, 
instead of using expensive machinery. Applying magnetic fields created an innovative 
filtration system to extract harmful metals in public water treatment facilities, instead of 
relying solely on hydrodynamic effects.
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ABSTRACT
A numerical investigation on the dynamics of a paramagnetic elliptical particle 
was conduted when it was immersed in a low Reynolds number Poiseuille flow in a curved 
channel and under a uniform magnetic field by direct numerical simulation. A finite element 
method, based on an arbitrary Lagrangian-Eulerian approach, analyzed how the channel 
geometry, the strength and direction of the magnetic field, and the particle shape affected 
the rotation and radial migration of the particle. The net radial migration of the particle was 
analyzed after executing a n rotation and at the exit of the curved channel including and 
discluding a magnetic field. In the absence of a magnetic field, the rotation was symmetric, 
but the particle-wall distance remained the same. When a magnetic field was applied, the 
rotation of symmetry was broken, and the particle-wall distance increased, as the magnetic 
field strength increased. The radial migration was caused by magnetic angular velocity 
and the magnetic torque that constantly changed directions during particle transportation. 
This research provided a method to magnetically manipulate non-spherical particles inside 
lab-on-a-chip devices for industrial and biological applications.
Keywords: paramagnetic particle, Poiseuille flow, uniform magnetic field, curved channel
93
1. INTRODUCTION
Applying magnetic fields to separate magnetic microparticles, and nanoparticles by 
shape in a Newtonian fluid has been strived for in biomedical and industrial applications, 
such as cell separation (Kang et al., 2019; Kim et al., 2013), drug deliverance (Aviles et al., 
2007; Lubbe et al., 2001), ore mining (Svoboda and Fujita, 2003), and waste management 
(Ambashta and Sillanpaa, 2010). The method of magnetic separation in these industries 
stemmed from magnetophoresis, i.e., magnetic forces, which were produced by the shape, 
size, and magnetic susceptibility of the particle and the spatial non-uniform magnetic field 
(Pamme, 2006).
In previous studies, passive methods to separate particles by shape and size were 
examined using inertial effects in curved channels by the primary flow (influenced by the 
Reynolds number) and secondary flow (influenced by the Deans number). Various curved 
channel designs included single curved (Bayat and Rezai, 2018; Schaap et al., 2011), 
serpentine (Di Carlo et al., 2007; Ozbey et al., 2019; Wang and Dandy, 2017), spiral 
(Albagdady et al., 2019; Lee et al., 2019; Rafeie et al., 2016; Son et al., 2017; Syed et al., 
2018; Wu et al., 2012), and wave channels (Zhou et al., 2018, 2019). The separation 
of particles by shape and size was caused by vortices inside the cross-sectional shape of 
the channel and included either trapezoidal (Albagdady et al., 2019; Rafeie et al., 2016; 
Syed et al., 2018; Wu et al., 2012), or rectangular (Bayat and Rezai, 2018; Di Carlo et al., 
2007; Lee et al., 2019; Ozbey et al., 2019; Schaap et al., 2011; Son et al., 2017; Wang and 
Dandy, 2017; Zhou et al., 2018, 2019), and it was caused by the magnitude of the Deans 
number, Reynolds number, and the hydraulic diameter. Additional strategies included more 
active approaches to particle separation or particle movement in curved channels, such as 
dielectrophoresis (Li et al., 2012; Zhu et al., 2010) and magnetophoresis (Kim et al., 2009).
Recent experimental (Zhou et al., 2017a,b), theoretical (Sobecki et al., 2018), and 
numerical (Cao et al., 2018; Matsunaga et al., 2017, 2018; Zhang et al., 2018; Zhang and 
Wang, 2018) studies validated a non-traditional strategy to manipulate the dynamics of
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non-spherical magnetic microparticles by coupling uniform magnetic fields and shear flows 
in straight channels. By applying a uniform magnetic field, the magnetic force was zero, 
but there was a magnetic torque. The lateral migration of non-spherical particles relied on 
the coupling of the magnetic field, flow field, and particle-wall hydrodynamic interactions. 
With the understanding of the physics involved, a successful separation between ellipsoidal 
and spherical paramagnetic microparticles was previously made (Zhou et al., 2017a,b). 
In the absence of a magnetic field, the ellipsoidal particle oscillated toward and away 
from the wall but resulted in a zero-net migration due to its symmetric rotation. In the 
presence of a magnetic field applied at an arbitrary direction, the symmetry of rotation was 
broken and the ellipsoidal particle migrated towards or away from the wall. The migratory 
behavior was based on an oscillatory motion (weak magnetic regime) or a non-oscillatory 
motion, as the ellipsoidal particle was pinned at a stable steady angle (strong magnetic 
regime). For a paramagnetic spherical particle, the magnetic torque is zero and its rotation 
cannot be manipulated by the uniform magnetic field (Sobecki et al., 2018). Therefore, a 
spherical particle behaves the same with or without a magnetic field, and its net migration 
remains zero. Additionally, the Reynolds number was less than one, thus making the lateral 
migration of a non-spherical particle highly dependent on its rotational behavior. When an 
ellipsoidal and a spherical particle were immersed in a low Reynolds number fluid flow in a 
straight channel and under a uniform magnetic field, it was feasible to separate particles by 
shape rather than relying on magnetic forces-where the strength rapidly decreased farther 
away from the magnetic source-and inertial focusing-relied on the cross-sectional vortices 
and equilibrium positions for different shaped and sized particles.
Although recent experimental studies provided a useful strategy to separate particles 
by shape, it was difficult to manage a well-controlled experiment, especially for curved 
channels. If a particle-focused experiment was conducted, the difficulty of studying a single 
particle in a curved channel would be based on the many turns of a serpentine channel,
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gradual increasing radii of spiral channels, and large radii of a single curved channel. 
Additionally, it was difficult to observe the particle position in the cross-section of the 
channel. Simply, the difficulty of a curved channel experiment was based on optics.
In contrast, numerical simulations are powerful tools to observe the transportation, 
rotation, and radial migration behavior of a particle. The particle dynamics are dependent on 
many parameters including the size and shape of the particle, the height, width, and shape of 
the channel cross-sections, low fluid velocities, radii of the curved channel, and the strength 
and direction of the magnetic field. For example, a previous study conducted a numerical 
and experimental study on a spherical particle transported in a low Reynolds number flow in 
a curved channel by investigating the size of the particle and the cross-sectional shape, radii, 
width, and height of the channel (Harding, 2018; Harding et al., 2019). In the experiments 
given, larger particles migrated toward the inner channel wall, and the results of another 
numerical study concurred with the experimental findings (Harding et al., 2019). In the 
article, however, the Reynolds number was large (greater than 50); whereas, the Reynolds 
number used in this study was less than one and the particle was non-spherical.
Even though there were no published articles for non-spherical particles in curved 
channels and under uniform magnetic fields, it was deemed an important subject for science 
and engineering regarding theoretical, experimental, and numerical analyses. The popular 
and revolutionary work of G.B. Jeffery (1922) investigated the simple shear flow acting on 
the particle in the absence of a channel wall and the application of a uniform magnetic field, 
carried out by Zhou et al. (2017), became recognizable for the separation of particles. As of 
2021, computer simulations are used study non-spherical particles in shear flows, Poiseuille 
flows, and under a uniform magnetic field. Some of the recent and successful numerical 
simulations to study particles in Poiseuille and Couette flows and under a uniform magnetic 
field were computed previously by applying the arbitrary Lagrangian-Eulerian (ALE) algo­
rithm for the finite element methods (FEM) and by using the direct numerical simulation 
(DNS) (Cao et al., 2018; Zhang et al., 2018; Zhang and Wang, 2018). Further simulations
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from this method were successfully compared to the experimental and theoretical results 
of a neutrally buoyant particle under a uniform magnetic field (Sobecki et al., 2018; Zhang 
et al., 2018; Zhou et al., 2017b).
This paper focused on a two-dimensional study for an elliptical particle in low 
Reynolds number, Poiseuille flows in a curved channel, and under a uniform magnetic field. 
Therefore, the elliptical particle became dependent on the wall lift, the shear lift forces 
(hydrodynamic force), and the magnetic and hydrodynamic torques (to study its orientation). 
In the hydrodynamic section, the dynamics of the particle were analyzed in two ways: one 
for a n periodic rotation and the other discussed the transportation throughout the upper 
half of the curved channel. Due to the hydrodynamic torque and force, the numerical 
simulations demonstrated the rotation and migration behavior of the elliptical particle. For 
its rotational behavior, the particles’ execution of a symmetric rotation was established, and 
its angular velocity was studied. By analyzing a single periodic rotation, the particle’s net 
radial migration was examined and the radial migration at the exit of the curved channel 
was established. Many parameters affected the particle dynamics including: the particle 
aspect ratio, radii of the channel walls, and initial positions. Finally, one parameter was 
evaluated to show how the uniform magnetic field strength and direction affected the particle 
dynamics along with the aspect ratio of the particle, initial particle-wall distances, and the 
channel geometry. By applying a uniform magnetic field, the symmetrical property of 
the particle’s angular velocity, the oscillatory motion of the particle, and its average radial 
velocity was examined. A DNS was applied by using a FEM, based on an ALE approach 
that analyzed the coupling of the magnetic and the flow field, and solved the dynamics and 
the transportation of the particle and the flow field (affected by the particle dynamics) in 
a curved channel. The hydrodynamic force and the magnetic and hydrodynamic toques 
were computed using a COMSOL FEM solver (Edition, COMSOL Inc., Burlington, MA, 
USA) to find the orientation and the radial displacement motions by Newton’s second law 
of physics and Euler’s laws of motion.
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2. PROBLEM  FORMULATION
2.1. MATERIALS AND METHODS
2.1.1. Simulation Method and M athem atical Models. A neutrally buoyant pro­
late elliptical particle was placed in a Poiseuille flow of an incompressible Newtonian fluid, 
with density p f  and dynamic viscosity p-f, as shown in Figure 1. The computational do­
main consisted of a particle domain r  and a fluid domain Q enclosed by the boundary 
ABCD. The computational domain was bounded in a curved channel with an average radius
D iD
Ravg = in 2 °ut where the inner and outer radii of the walls are Rin and Rout, respectively, 
and W was the width of the channel. The particle has an aspect ratio AR = a/b  where a 
and b were the major and minor semi-axes lengths of the particle, respectively. A uniform 
magnetic field strength, Ho, was applied at a direction a. The particle-wall separation 
distance, rp, was defined as the difference between the resultant length of the particle center 
of mass (xp, yp) from the origin, O, and Rin. The particle position in the curved channel, 
6P, was defined as the arc-tangent of the particle center of mass from the origin. In this 
study, 0P = 0° indicated that the particle’s center of mass was at - Rout < xp < -R in and 
yp = 0 pm  (the channel entrance), 0p = 90° indicated that Rin < yp < Rout and xp = 0 pm  
(halfway point), and 0P = 180° indicated that Rin < xp < Rout and yp = 0 pm  (the channel 
exit). The variable <p'p , was defined as the lab frame angle of the particle between its major 
axis and the positive y’-axis. The y’-axis was perpendicular to the channel curve and was 
dependent on the particle 0P position and the global frame of the particle orientation <pp 
(the angle between its major axis and the positive y-axis):
<P'p = <pp -  0p + 90°. (1)
The directions <p'p = 0° and <p'p = 90° indicated that the semi-major axis of the particle 
was perpendicular and parallel to the channel wall, respectively. In this study, the change in 
radial position was defined as Arpn = rpn -  rp0 for the difference between the particle-wall
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Figure 1. Schematic view of the numerical model of an elliptical particle that was neutrally 
buoyant in a Poiseuille flow and under a uniform magnetic field with strength H0 and applied 
at direction a . The fluid and particle domains were Q and r ,  respectively. The orientation 
of the particle was denoted as (p'p = <pp -  Bp + 90°, such that the laboratory frame was the 
x' -  y ' axes, and y' was perpendicular to the channel wall, where <pp was the global direction 
of the particle (x -  y axes), and dp was the particle position inside the channel with respect 
to the origin of both curves, O. The particle-wall separation distance was denoted by rp,D D
and the channel geometry of the curve was denoted by the average radius Ravg = in 2 out, 
where Rfn and Rout were the inner and outer radii, respectively, and W was the channel 
width.
distance after one periodic rotation ($'p rotated from 0° to 180°). The variable rpn was 
the radial distance at the end of its periodic rotation <p'p = 180°, and rp0 was the initial 
radial position at the beginning of the periodic rotation <f>'p = 0°. Another change in radial 
position was defined as Arpg = rpg -  rp0, where rpg was the radial position at the exit of 
the curved channel dp = 180°, and rp0 was the radial position at the entrance of the curved 
channel Qp = 0°. Therefore, in the simulations the initial radial position rp0 occurred at the 
orientation <p'p = 0° and at the position in the channel dp = 0°. The particle either had a 
net radial migration toward the channel center, Arpn > 0 /um (Arpd > 0 yum), towards the 
channel wall, Arpn < 0 yum (Arpg < 0 yum), or neither, Arpn = 0 n m (Arpg = 0 yum).
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The flow field, u, was governed by the continuity and the Navier-Stokes equations 
for an incompressible Newtonian flow with a no-slip condition on the channel walls AD 
and CB. The inlet of the channel is at AC and became a fully developed laminar flow, and 
BD was the outlet where the normal pressure was zero:
V • u = 0, (2)
P f [ £  + (u • V)u] = -V p  + V • Vf (Vu + ( V u f ), (3)
where p  is the pressure and t is time.
Given there was also a no-slip condition on the surface of the elliptical particle, the 
fluid velocity on the the particle surface was a function of the particle angular and translation
velocities:
u = Up + mp x ( x s -  xp), (4)
where Up and mp were the translational and rotational velocities of the particle, respectively, 
and xs and xp were the vector positions of the particle surface and center of mass.
The hydrodynamic force and torque acting on the particle were also given:
Th
Fh = I  (Th  ̂“ )dS,
J  (Th x (xs -  xp) • n )dS,
(5)
(6)
where r h = p-f (Vu + (Vu)r ) is the hydrodynamic stress tensor.The governing equations of 
the magnetic field are given from Maxwell's equations:
V x H = 0, (7)
V • B = 0, (8)
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where H and B are the magnetic field strength and flux density, respectively. The fluid was 
non-magnetic and the channel walls, AD and CB, were magnetically insulated. When a 
uniform magnetic field was applied to a particle, the magnetic torque was non-zero, but the 
magnetic force was negligible. When calculating the magnetic torque, it was assumed that 
the paramagnetic particle was homogeneous, isotropic, and linearly magnetizable:
T m — V-dVpXpH X H0, (9)
where \i0 is the magnetic permeability of free space, Xp is the paramagnetic particle 
magnetic susceptibility, Vp is the particle volume, and the magnetic field strengths are 
inside, H - , and outside, H0, of the particle.
For the hydrodynamic force and the hydrodynamic and magnetic torques acting on 





d m p T __ L
p dt — Th + T m
(10)
(11)
where mp and \p are the mass and the moment of inertia of the particle. The time-dependent 
position of the particle center of mass Cp (t) — (xp,y p) and orientation (pp are calculated 
by:
Cp (t) — Cp 
(Pp (t) — *Pp
(0 )+  f
J 0
(0 )+  r
0




where Cp (0) and (pp (0) are the initial position and orientation of the particle.
The rotation and radial migration of the paramagnetic particle were affected by the 
hydrodynamic force and the coupling of hydrodynamic and magnetic torques. Likewise, 
every channel, radial, and orientation position of the particle caused a change in the magnetic
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and hydrodynamic torques and the fluid flow. Given the geometry of the channel and the 
calculations that included the radial position and orientation of the particle, direct numerical 
simulation (DNS) from the finite element method (FEM) was used, and applied an arbitrary 
Lagrangian-Eulerian (ALE) method for the coupling on the particle, fluid flow, and the 
uniform magnetic field (Zhang et al., 2018; Zhang and Wang, 2018). Simulations were 
solved by numerical modeling with a commercial FEM solver COMSOL Multiphysics. 
Similar to previous articles, a stationary solver was used for a parametric sweep analysis to 
simulate the magnetic field inside and outside of the particle, and it calculated the magnetic 
torque on the particle (Zhang et al., 2018; Zhang and Wang, 2018). A time-dependent 
solver was applied to a particle-fluid interaction model, and a variable that represented 
the magnetic torque was imported. A piecewise function activated the uniform magnetic 
field and the magnetic torque on the particle at a time, t, when 0P « 0°. To estimate an 
accurate calculation on the particle surface by the torques and the hydrodynamic force, a 
fine quadratic triangular mesh around the particle and a finer quadratic triangular mesh at 
the tip of the particle was applied.
The accuracy and convergence of the simulation were based on the number of 
elements in the computational domain Q, particle surface r ,  and the time step At. Figure 
1 contains the numerical simulation setup, where 18, 571 domain elements for Q and 152 
boundary elements for r  were used. The number of elements established time efficient 
calculations, while also ensuring accurate results of the particle transportation and rotation. 
For the fluid mechanics acting on the particle surface, the time-step function was used for 
the Poiseuille flow to reach its average velocity and become fully developed before the 
particle approached 6p = 0° with a time step At = 1 x  10-5 s. When the particle position 
was 6p « 0°, <p'p0 « 0° was set because the semi-major axis of the particle was almost 
perpendicular to the channel wall. Additionally, the new initial radial position, rp0, was
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started and the initial time was t = 0 s. Comparisons between the computational meshes for 
time step At = 1 x  10-5 s, and comparisons between time steps for 18,571 domain elements 
and 152 boundary elements can be seen in Appendix 5.
2.1.2. M aterial Properties. In the following computed simulations, the fluid prop­
erty was a water-based material with a density of 1000 kg/m3 and the dynamic viscosity was 
1.002 x 10-3 Pa-s. The width of the channel was maintained at 50 jum, and the inlet flow 
velocity was Uavg = 2.5 mm/s. The Reynolds number is defined as Re = pf U“J gW, and the 
value in the simulation setup was Re = 0.125, thus placing the elliptical particle in a laminar 
flow where the fluid and particle inertia were small. Due to the low Reynolds number, any 
secondary flow was neglected for a two-dimensional study on a particle. The particle was 
a magnetic-doped polystyrene particle with a magnetic susceptibility of x P = 0.26, and the 
fluid was non-magnetic. For some parts of the analysis, elliptical particles with various 
aspect ratios were analyzed, but they had the same volume as a 7 ^urn-diameter circular 
particle.
3. RESULTS AND DISCUSSION
3.1. PARTICLE DYNAMICS IN A UNIFORM  MAGNETIC FIELD
In this section, the transportation and rotation of an elliptical particle in the presence 
of a uniform magnetic field were investigated. The aspect ratio AR = 4, rp0 = 12 jum, 
Ravg = 175 jum, and the magnetic field was applied at either a = 0° or a = 90°. In the 
numerical simulations, the magnetic field was applied by using a piecewise function at a 
time when 6p « 0°. At this point, a new initial was established (0^0 and rp0) and set t = 0 
s. Some of the results were compared to an elliptical particle in the absence of a magnetic 
field, as presented in Section 6.
3.1.1. M agnetic Field a t a  = 0°. In this section, different magnetic field strengths 
were applied at a = 0° to study the particle rotation and the particle-wall distance as the 
particle was transported in a curved channel. Figures 2 (a) and 2 (b), each exhibited the
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particle’s rotation and radial migration, respectively, as a function of 0P; they show the 
comparison between them and H0 = 0 A/m and H0 = 3000 A/m. For both magnetic 
field strengths, where in the channel the particle completes the first half of its rotation was 
observed. At H0 = 0 A/m, the first half rotation of a particle (<p'p = 90°) occurred in the 
first half of the curved channel (6p = 74°). In contrast, when a = 0° and H0 = 3000 
A/m, the particle approached the first half of its rotation in the second half of the curve 
(0P = 122°), indicating that the magnetic field affected the orientation of the particle during 
its transportation. The dimensionless variable r  as a function of the particle aspect ratio, 
radii and shape of the curve geometry, initial particle-wall distance, direction of the particle, 
and the direction and strength of the magnetic field were reintroduced. In Figure 2 (d), a 
particle in the absence of a magnetic field executed symmetric rotations ( r  = 0.50), while 
a particle in a magnetic field experienced an asymmetric rotation (r  = 0.76). The rotation 
of the particle analyzed the net radial migration of the particle. Due to the asymmetric 
rotation, the particle radially migrated toward the channel center after one periodic rotation 
(Arpn > 0 jum), as seen in Figure 2 (e), and at the channel exit (Arpe > 0 jum), seen in 
Figure 2 (b), for the magnetic field strength H0 = 3000 A/m applied at a = 0°.
The observation of an elliptical particle’s dynamics under a magnetic field applied 
at a = 0° was explained. In the absence of a magnetic field, the particle rotated due to the 
hydrodynamic torque. The particle, however, had a net zero migration after one periodic 
rotation, but migrated toward the channel wall at 0P = 180°, as shown in Section 6. In 
Figure 2 (a), the applied magnetic field strength is observed and the direction rotates the 
particle backwards towards <p'p = 0° due to the direction and magnitude of the shear rate 
at the particle position inside the channel and its distance from the wall. In the range 
31° < 0p < 78°, the particle exposed to H0 = 3000 A/m rotated toward (f>'p = 0° because 
the magnetic torque was stronger than the hydrodynamic torque (i.e., the particle is in a 
strong field regime), and the orientation of the particle at that 0p range approached its stable 
steady angle (Sobecki et al., 2018; Zhang et al., 2018; Zhang and Wang, 2018; Zhou et al.,
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2017b). The rotation of the particle was caused by the hydrodynamic and magnetic angular 
velocities, shown in Figures 2c and 2f. The magnetic angular velocity, wm, was in the 
opposite direction of the hydrodynamic angular velocity, , in the first half of the particle 
orientation 0° < <p'p < 90° and was in the same direction for 90° < <p'p < 180°. As a result, 
the particle spent a longer time in the first half of its rotation compared to its second half 
(i.e., the particle rotation becomes more asymmetric). Thus, at a certain position 6P, the 
particle orientation allowed the particle to radially migrate away from the wall faster due to 
the rotational dynamics affected by the magnetic field and the wall lift force caused by the 
hydrodynamic interaction. Otherwise, the particle continued its periodic rotation in other 
parts of the channel because the magnetic field was either considered weak compared to the 
hydrodynamic angular velocity, or both angular velocities were in the same direction.
The result of the particle net radial migration after one periodic rotation and at 
the exit of the curved channel can be seen in Figures 2 (b) and 2 (e). Compared to a 
particle in the absence of a magnetic field, the particle exposed to a magnetic field strength 
H0 = 3000 A/m migrated toward the channel center, Arpn > 0 jum. In this case, the 
oscillatory migration was positive for both ranges 0° < <p'p < 90° and 90° < <p'p < 180°. 
For the particle transportation throughout the channel curve under a uniform magnetic field, 
the net radial migration resulted in Arp6 > 0 jum compared to a particle in the absence of a 
magnetic field in Section 6, Figure 10.
To further understand the particle angular velocity and its net radial migration, its 
time-dependent periodic rotation and its rotation during the transportation throughout the 
curved channel were investigated. Figures 2 (d) and 2 (e) showed the particle rotation and 
radial migration with respect to dimensionless and dimensional time. In Figure 2 (d), when 
H0 = 0 A/m, t  = 0.50 (70 = 0.15 s) and was almost symmetric; whereas, the magnetic 
field strength H0 = 3000 A/m allowed r  = 0.76 (70 = 0.16 s), and the particle rotation 
was more asymmetric. In Figure 2 (e), increasing r  also increased the net radial migration 
toward the channel center due to the magnetic field and the magnitude of the shear rate at
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Figure 2. Particle dynamic and transportation comparison between H0 = 0 A/m (solid 
black line), and H0 = 3000 A/m applied at a = 0° (dot-dash red line) for (a) the particle’s 
rotation, (b) the radial migration, and (c) the angular velocity in terms of 6P; (d) the 
particle’s rotation, (e) the radial migration, (f) the angular velocity in terms of time t , and 
(g) comparison between the particle-wall distances in a straight channel (dot black line) and 
in a curved channel (dot-dash red line).
106
the particle-wall distance. Due to the shear rate decrease closer to the channel center, the 
oscillatory motion was caused when the magnetic field and the shear rate were coupled, 
thus a greater asymmetric rotation caused the particle to radially migrate farther. Therefore, 
by adding the magnetic field at a  = 0°, the rotation affected by T0, and r  increased the 
particle-wall distance.
The magnetic field’s influence on the particle’s rotation and radial migration was 
based on the magnetic and hydrodynamic torques, and consequentially, their angular veloc­
ities. In Figure 2 (f), the total particle angular velocity wp = + wm was a function of the
particle direction <p'p for one periodic rotation in the curved channel. When the magnetic 
field was applied at a = 0°, there was a ’loop’ for the orientation 70° < 4>'p < 76° in the 
range 31° < 6p < 78°. In this case, the particle rotated backward because the magnetic 
torque changed directions, as well as the hydrodynamic torque. By considering the particle 
channel position 6p, its radial position rp, and its orientation <p'p , the magnetic angular 
velocity was greater than the hydrodynamic angular velocity. In Figure 2 (c), the angular 
velocities between a particle with and without a magnetic field during its transportation 
were compared. While a particle executed its periodic rotation, the angular velocity profile 
was symmetric in the absence of a magnetic field. After the periodic rotation, the particle 
continued to execute symmetric rotations due to the shear rate at the particle-wall distance. 
In the presence of a magnetic field, however, the angular velocity was largely asymmetric 
and the angular velocity at 6P = 162.2° (when <p'p = 180°) increased. Thus, the dispropor­
tionate angular velocity and the asymmetric periodic rotation contributed to the particle net 
radial migration.
A comparison was made for the particle-wall distances between a particle in a 
straight channel and a particle in a curved channel, as seen in Figure 2 (g). In both 
simulations, all conditions were the same, except one channel was curved and the other 
channel was straight. As can be seen, different results between a particle in a straight 





Figure 3. Effect of the magnetic field strength when applied at a = 0°. The particle 
(AR = 4) was affected by the magnetic field when its center of mass was approximately at 
0p = 0° in (a,d) when its rotation was with respect to 0p and time, respectively, for, H0 = 0 
A/m (solid black line), H0 = 1000 A/m (triangle symbol), H0 = 2000 A/m (square symbol), 
H0 = 3000 A/m (circular symbol), and H0 = 4000 A/m (diamond symbol). The radial 
particle-wall distance change of the particle with respect to (b) 0P, and (e) time. (c) The 
radial velocities of the particle Urp (triangle symbol) and Urg (square symbol) as functions 
of H0. (f) The dimensionless parameter r  as a function of H0. As r  increased, the net 
migration of the particle increased.
constant for a straight channel (0P = 90°), whereas 0P constantly changed throughout the 
curved channel. Therefore, because the magnetic torque constantly changed directions in 
a curved channel, the particle’s rotational dynamics were affected consequentially so was 
its particle-wall distance. After one periodic rotate, both particles migrated away from the 
wall, but a particle in a straight channel migrated faster from the wall than a particle in a 
curved channel.
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The particle rotation and migration was affected by applying a magnetic field, and 
increasing the magnetic field strength affected the orientation and radial migration of an 
elliptical particle was analyzed. Figures 3 (a) and 3 (d) showed the orientation of the particle, 
4>'p , with respect to 0P and time t, respectively. In Figure 3 (a), as the magnetic field strength 
increased from Hq = 1000 A/m to H0 = 4000 A/m, the rotation of the particle became 
more asymmetric, and the magnetic torque and angular velocity became more dominant 
for a wider range of 6P. For a magnetic field strength H0 = 2000 A/m, a backward 
orientation occurred in the range 52° < 6p < 61°, 31° < 6p < 78° for H0 = 3000 A/m, and 
24° < 6P < 88° for H0 = 4000 A/m. The particle was therefore exposed to a strong field 
regime for a larger portion of the curved channel. In Figure 3 (d), the periodic rotation time, 
To, increased. For an increasing magnetic field strength, the periodic rotation times were 
To = 0.147 s for Ho = 0 A/m, To = 0.154 s for Ho = 1000 A/m, To = 0.157 s for Ho = 2000 
A/m, 7Q = 0.156 s for H0 = 3000 A/m, 7Q = 0.160 s for H0 = 4000 A/m. Consequentially, 
t  increased in (f) where the orientation became more asymmetrical. As a result, for an 
increasing magnetic field strength, both Arpn and Arpg increased, as seen in Figures 3 (b) 
and 3 (d), respectively. Similar to previous studies, the particle net radial migration was 
calculated by the average radial migration velocities, Urp7r = Arpn/ 1 and Urpg = Arpg/ 1, 
where t was replaced with 7Q or the time that it took for the particle to transport through 
the channel (Zhang et al., 2018; Zhang and Wang, 2018). The average radial velocities for 
different magnetic fields strengths were shown in Figure 3 (c) for Urp7r (triangle symbol) 
and UrpB (square symbol). Both radial velocities increased when the magnetic field strength 
increased, suggesting that the particle migrated faster from the inner wall due to the angular 
oscillatory motion in lower shear rates.
The rotation and migration behavior of an elliptical particle exposed to a magnetic 
field applied at a = 0° were explained: while a particle was traveling in the curved channel, 
the shear rate constantly changed directions at every 0p. Therefore, if a magnetic field was 
applied at a = 0°, the magnetic torque acting on the particle also changed its direction
109
and the particle had a different rotation and migration experience during its transportation. 
For example, when the position of the particle was at 6p = 90°, it experienced a magnetic 
torque where the magnetic field was applied at a = 0° because the magnetic torque was 
perpendicular to the shear flow. In contrast, a particle at 6P = 0° experienced a magnetic 
torque similar to the magnetic field applied at a = 90° because the magnetic torque was 
parallel to the shear flow. Therefore, in some ranges of 6P, the particle experienced a 
backwards orientation because the particle was considered to be inside a strong magnetic 
field regime (Sobecki et al., 2018; Zhang et al., 2018; Zhang and Wang, 2018; Zhou et al., 
2017b). In all other regions, however, the particle was either in a weak field regime or the 
magnetic and hydrodynamic angular velocities were in the same direction. Thus, the effect 
on the particle orientation depended on the direction of the hydrodynamic and magnetic 
torques and the strength and direction of the magnetic field. The particle orientation was 
also influenced by its radial position; its orientation was easily influenced if the radial 
position of the particle was in a low shear rate (closer to the channel center) versus a high 
shear rate (closer to the channel wall). After a full periodic rotation, some magnetic field 
strengths caused the particle to oscillate away from the wall due the channel geometry, the 
orientation of the particle, and the shear flow direction. By controlling the orientation of 
the particle, its net radial migration and Arpe > 0 jum was also controlled.
3.1.2. M agnetic Field a t a  = 90°. In this section, a magnetic field at a = 90° 
was applied to study the particle dynamics in a curved channel. Figures 4 (a) and 4 (b) 
show the particle orientation and radial migration, respectively, as a function of 6p, and 
compares them with the magnetic field strengths H0 = 0 A/m and H0 = 3000 A/m. The first 
half rotation of the particle, 4>'p = 90°, occurred at 6p = 74° for H0 = 0 A/m and at 6p = 42° 
for H0 = 3000 A/m. One periodic rotation of the particle resulted in a positive net radial 
migration, shown in Figure 4 (e). Similar to the magnetic field at a = 0°, Figure 4 (d) shows 
that, in the absence of a magnetic field, a particle executed a symmetric rotation (r  = 0.50), 
while a particle exposed to a magnetic field strength of H0 = 3000 A/m experienced a slight
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asymmetric rotation (r = 0.53). The reason for the particle’s periodic rotation and radial 
migration was explained in a way similar to the analysis of a = 0°. In Figure 4 (f), for 
a range of 6p , the magnetic angular velocity, wm, and the hydrodynamic angular velocity, 
Wh, were in an opposite direction in the first half of the particle orientation and performs 
in the same direction in the second half of its orientation. Unlike a = 0°, there was not a 
loop during its periodic rotation, even though the orientation was asymmetric with respect 
to (pp = 90°. For this range of 6P, the particle was considered to be in a weak field regime, 
but the particle spent more time in the first half of its rotation, resulting in a positive radial 
migration.
The large net radial migration towards the channel center as the particle exited the 
curved channel, Arpe > 0 jum, was explained by the particle transportation. Even though 
Arpn = 0 jum and Arpg < 0 jum in the absence of the magnetic field, the particle in a 
magnetic field strength of H0 = 3000 A/m and at a direction of 90° behaved similarly as a 
particle exposed to a magnetic field strength of H0 = 3000 A/m applied at a = 0°. In Figure 
4 (a), the magnetic field strength of H0 = 3000 A/m applied at a = 90° did not result in 
a backwards orientation in the same region as a = 0° due to the direction and magnitude 
of the shear rate in the range 31° < 6P < 78°, rp , and the strength and direction of the 
magnetic field. The particle, however, rotated backward in the range 113° < 6p < 168°, 
as presented in Figures 4 (a) and 4 (c). Compared to a = 0°, the region where the particle 
ended up in a backward orientation increased by 81° < 6P < 91°. In Figure 4 (c), the 
angular velocities between a particle with and without a magnetic field was compared as it 
was transported inside the curved channel. The angular velocity profile was symmetric in 
the absence of a magnetic field; whereas, a magnetic field caused the angular velocity to 
become asymmetric in a magnetic field strength of H0 = 3000 A/m applied at a = 90°. For 
a certain position 6P, the particle orientation <p'p allowed a positive net radial migration away 
from the wall faster due to the rotational dynamics affected by the magnetic field and the 
wall lift force. The particle executed a periodic rotation in most parts of the channel given
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Figure 4. Particle dynamic and transportation comparison between H0 = 0 A/m (solid 
black line), and H0 = 3000 A/m applied at a = 90° (dot-dash blue line) for (a) the particle’s 
rotation, (b) the radial migration, and (c) the angular velocity in terms of 6p ; (d) the 
particle’s rotation, (e) the radial migration, (f) the angular velocity in terms of time t , and 
(g) comparison between the particle-wall distances in a straight channel (dot black line) and 
in a curved channel (dot-dash blue line).
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that either the magnetic torque was considered to be weak compared to the hydrodynamic 
torque, or the magnetic and hydrodynamic torque were in the same direction. The result 
of the net radial migration throughout the curved channel is exemplified in Figure 4 (b). 
Compared to a particle in the absence of a magnetic field, the particle exposed to a magnetic 
field strength of Hq = 3000 A/m resulted in a positive radial migration away from the inner 
channel wall, Arpg > 0 jum.
Similar to what was studied in Section 3.1.1, the particle-wall distance between 
a particle in a straight channel and a particle in a curved channel was compared, as can 
be seen in Figure 4 (g). Given that the magnetic torque constantly changed directions in 
a curved channel, the particle’s rotational dynamics was affected and consequentially, so 
was its particle-wall distance. After one periodic rotation, a particle in a straight channel 
migrated toward the wall; whereas, the a particle in a curved channel radially migrated 
away from the wall. Therefore, the particle-wall distance was greatly affected not only by 
different magnetic field strengths and directions, but also in a different channel geometry. 
Additionally, for magnetic field directions a = 0° and a = 90°, and for the magnetic field 
strength H0 = 3000 A/m, a particle in a curved channel completed its periodic rotation 
faster than in a straight channel, resulting in a short particle-wall distance change in a 
curved channel compared to the straight channel.
A magnetic field applied at a = 90° was analyzed regarding its affects on particle 
orientation and migration. An increased magnetic field strength was studied to determine 
how it affected the orientation and net radial migration of the particle. Figures 5 (a) and 5 
(d) showed the orientation of the particle, <p'p , with respect to 6P and time t, respectively. In 
Figure 5 (a), as the magnetic field strength increased from H0 = 1000 A/m to H0 = 4000 
A/m, the particle orientation became more asymmetric and the magnetic torque and angular 
velocity became more dominant for a wider range of 6P near the channel exit. The particle 
was therefore exposed to a strong field regime for a large portion of the second half of the 
curved channel. In Figure 5 (d), the periodic rotation time T0 decreased and, consequentially,
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t  increased (see Figure 5 (f)). As a result of increasing H0, the particle-wall distance also 
increased after one periodic rotation and upon exiting the channel curve in Figures 5b 
and 5 (e). In Figure 5 (c), the average radial velocities, Urp7r (triangle symbol) and UrpB 
(square symbol), increased as the magnetic field strength increased, resulting in a fast radial 
migration away from the wall.
Figure 5. Effect of the magnetic field strength when it was applied at a  = 90°. The particle 
(AR = 4) was affected by the magnetic field when its center of mass was approximately 
at 6p = 0° in (a,d) when its rotation was with respect to 0P and time, respectively, for, 
H0 = 0 A/m (solid black line), H0 = 1000 A/m (triangle symbol), H0 = 2000 A/m (square 
symbol), H0 = 3000 A/m (circular symbol), H0 = 4000 A/m (diamond symbol). The radial 
particle-wall distance changes with respect to (b) 0p , and (e) time. (c) The radial velocities 
of the particle Urp (triangle symbol) and Ure (square symbol) as functions of H0. (f) The 
dimensionless parameter t  as a function of H0. As t  increased, the net migration of the 
particle increased.
114
3.2. EFFECT DUE TO CHANGES IN PARAMETERS
By changing the aspect ratio, average radius, and/or initial position, the elliptical 
particle experienced a different orientation and net radial migration, as shown in Section
6. For these parameters, the presence of a magnetic field was explained based on the 
observations for AR = 4, Ravg = 175 jum, and rp0 = 12 jum in Sections 3.1.1 and 3.1.2.
In the absence of a magnetic field, for larger aspect ratios, 70 increased and the 
particle resulted in a zero net migration for all aspect ratios. Based on past analyses, for 
a magnetic field strength applied at a = 0° and a = 90°, the smaller aspect ratio particles 
were more susceptible to the magnetic field for the same shear rate (Sobecki et al., 2018; 
Zhang et al., 2018; Zhang and Wang, 2018; Zhou et al., 2017b). Therefore, if the magnetic 
torque and angular velocity influenced a similar particle greater than the hydrodynamic 
torque and angular velocity (for a large range of 6p), then 70 decreased and r  increased 
(Sobecki et al., 2018; Zhang et al., 2018; Zhang and Wang, 2018; Zhou et al., 2017b). As 
a result, the particles radially migrated toward the channel center.
Next, when the aspect ratio was constant but the average radius increased, 70 de­
creased, but Arpe increased. When a magnetic field was applied, the value of r  resulted 
either in a net positive or negative radial migration and changed, depending on the average 
radius of the channel. Therefore, when Ravg increased, a particle with an aspect ratio 
AR = 4 was more susceptible to the magnetic field and had a larger net migration. For 
smaller Ravg, the particle transportation was faster and 70 increased, thus it did not react to a 
uniform magnetic field. For a larger Ravg, the particle was more susceptible to the magnetic 
field because the particle spent more time in the curved channel and 70 decreased. Even 
though 70 decreased for an increasing Ravg, a magnetic field manipulated the orientation of 
the particle and its net migration efficiently by increasing the magnetic field strength and r .
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Finally, as rp0 increased, T0 increased because the shear rate was lower toward the 
channel center. Therefore, it was obvious that because the magnetic field broke the rotation 
of symmetry and increased T0 and r ,  the particle orientation was manipulated for a larger 
range of 6P. By controlling the orientation in the range 0° < <p'p < 90°, the particle migrated 
toward the channel center or toward the inner channel wall in the range 90° < <p'p < 180°.
4. PARTICLE IN UPPER CURVE OF THE CHANNEL
Additional simulations were computed for a particle transporting near the outer 
curve of the channel. In Figure 6, the effects on the particle dynamics in the absence of a 
magnetic field and under a uniform magnetic field applied at a  = 0° were studied; whereas, 
Figure 7 shows a magnetic field applied at a = 90°. In both figures, the radial migrations, 
Arpn and Arpg, were investigated in terms of (a) 6P, (c) t , and the (b) radial velocities, Urn 
and Urg, and (d) t  in terms of H0. In Figures 6 (a) and 7 (c), in the absence of a magnetic 
field, there was no radial migration for Arpn = 0 jum, but Arp6 > 0 jum with radial velocities 
was close to zero and t  = 0.5. Similar to a particle near the inner curve, even though a 
different velocity profile was seen for the fluid in a curved channel thanthat in a straight 
channel, as shown in Figure 10 (e), the particle resulted in a zero net migration after one 
periodic rotation. From the data, when t  = 0.5, a particle transporting near the lower curve 
experienced Arpn = 0 jum and Arp6 < 0 jum, Arpn = 0 jum, and Arp6 = 0 jum for a particle 
transporting in a straight channel. In contrast, when t  = 0.5, Arpn = 0 jum and Arpg > 0 
jum for a particle transporting near the upper curve.
The effects on a particle radial migration by a magnetic field applied at a = 0° is 
seen in Figure 6. In some cases, the particles completed more than one periodic rotation, but 
their net radial migrations, t  values, and radial velocities were different. As an example, the 
periodic rotations of the particle for the magnetic field strength H0 = 4000 A/m (diamond 
symbol) was observed in Figures 6 (a) and 6 (c). The first periodic rotation resulted in a 
radial migration towards the channel wall, and then it migrated toward the channel center
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in the second periodic rotation. The triangle symbol in Figures 6 (b) and 6 (d) only shows 
the first periodic rotation, but the second periodic rotation was explained as: because r  was 
equal to 0.5 for a zero net migration (near the value with the magnetic field strength at 2000 
A/m [t  = 0.49]), the first periodic rotation for the magnetic field strengths H0 = 3000 A/m 
and H0 = 4000 A/m were at r  = 0.47 and r  = 0.42, respectively. The r  values resulted in 
Arpn < 0 jum. Therefore, after the second periodic rotation, the r  values were such that 
Arpn < 0 jum or Arpn > 0 jum. A similar conclusion was presented in Figure 6 (b) where 
the radial velocities for strengths H0 = 3000 A/m and H0 = 4000 A/m were negative. Thus, 
Urp„ > 0 jum/s after the second periodic rotation for H0 = 3000 A/m, but Urpji < 0 jum/s 
for # 0  = 4000 A/m.
For the overall transportation of the particle in Figure 6 (b) (square symbol) as the 
magnetic field increased, Ure increased and Arpe > 0 jum. It was observed that the particle 
near the upper curve radially migrated faster towards the channel center than a particle 
initially near the lower curve.
The effects on particle net radial migration by a magnetic field applied at a = 90° are 
in Figure 7. As in Figures 7 (a) and 7 (c), the particle radial migration towards the channel 
center was greater when a particle was near the upper curve than near the lower curve. 
The radial velocity, for a particle near the outer wall under all magnetic field strengths 
at the channel curve exit (square symbol), was thus positive and greater than the radial 
velocity of a particle near the inner wall. Additionally, for all magnetic field strengths, the 
particles radially oscillated towards the channel center because r  > 0.5 for all magnetic field 
strengths, as shown in Figure 7 (d), and the radial velocities were positive and increased for 
Urn (triangle symbol) and Urg (square symbol) in Figure 7 (b).
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Figure 6. Effect of the magnetic field strength when it was applied at a = 0° on an elliptical 
particle (AR = 4) that was in the upper curve of the channel. The particle was affected 
by the magnetic field when its center of mass was approximately at 6p = 0. The radial 
particle-wall distance change of the particle with respect to (a) 6P, and (c) time for, H0 = 0 
A/m (solid black line), H0 = 1000 A/m (triangle symbol), H0 = 2000 A/m (square symbol), 
H0 = 3000 A/m (circular symbol), H0 = 4000 A/m (diamond symbol). (b) The radial 
velocities Urp (triangle symbol) and Urg (square symbol) were functions of H0. (d) The 
dimensionless parameter r  as a function of H0. As r  decreased, the net migration of the 
particle decreased.
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Figure 7. Effect of the magnetic field strength when it was applied at a = 90° on an 
elliptical particle (AR = 4) that was in the upper curve of the channel. The particle was 
affected by the magnetic field when its center of mass was approximately at 6P = 0. The 
radial particle-wall distance change of the particle with respect to (a) 6P, and (c) time for, 
H0 = 0 A/m (solid black line), H0 = 1000 A/m (triangle symbol), H0 = 2000 A/m (square 
symbol), H0 = 3000 A/m (circular symbol), H0 = 4000 A/m (diamond symbol). (b) The 
radial velocities Urp (triangle symbol) and Ure (square symbol) were functions of H0. (d) 
The dimensionless parameter r  as a function of H0. As r  increased, the net migration of 
the particle increased.
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5. MESH AND TIM E STEP COMPARISON
The accuracy, convergence, and time efficient calculation of the simulation was 
based on the time step, the number of elements in the computational domain Q, and the 
particle surface r .  To ensure that the time step and the number of elements were efficient 
for this study, a time and grid independent analysis was established.
The time independence of an elliptical particle in a curved channel was studied for
18.571 domain elements and 152 elements on the particle boundary, as seen in Table 1 and 
Figure 8. As shown in the plot, the numerical results for the time step At = 2 x  10-5 s has 
a large net migration after one periodic rotation. The time step At = 1 x  10-5 s resulted in 
a smaller error. The time steps At = 5 x  10-6 s and At = 2.5 x  10-6 s had similar results 
and had a small error; therefore, it showed that an elliptical particle resulted in a zero net 
migration after one periodic rotation, similar to an elliptical particle in a straight channel. 
However, the computational time for the latter time steps was longer than for At = 1 x  10-5 
s. Thus, for accuracy and for computational time for all of the simulations, the time step 
At = 1 x  10-5 s was used.
With a time step of At = 1 x  10-5 s, the simulation results of four different mesh 
sizes were compared, in the channel domain and around the particle boundary in a Poiseuille 
flow and in the absence of a uniform magnetic field are shown in Table 2 and Figure 9. 
As shown in the plot, the numerical results were efficient when the channel domain had
18.571 elements and when there were 152 elements on the particle surface, compared to 
the lower elements studied. If the number of elements was increased, then the accuracy 
between two consecutive simulations did not change significantly. Therefore, in this article,
18.571 elements were used in the computational domain and 152 elements on the the 
particle surface, thus giving acceptable and accurate results for the particle's transportation 
and rotation.
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Table 1. Four time independence analysis for 18,571 computational domain elements and 
152 particle surface elements.
Time Step for Time Independence Analysis Time Step At
Time 1 2 x 10-5 s
Time 2 1 x  10-5 s
Time 3 5 x 10-6 s
Time 4 2.5 x 10-6 s
Table 2. Four meshes for grid independence analysis and for At = 1 x  10 5 s. The number 
of elements are given below.
Mesh for G rid Independence Analysis Domain Particle Surface
Mesh 1 11,321 56
Mesh 2 14, 020 72
Mesh 3 18,571 152
Mesh 4 24,208 256
Figure 8. Time independence analysis for a particle’s radial migration as a function of time 
for AR = 4, rp0 = 12 jum, 18,571 Domain Elements, and 152 Particle Surface Elements. 
The lines for Time 2, Time 3, and Time 4 were very close, which showed that Time 2 had a 
reasonable accuracy and a time efficient computation compared to Time 3 and Time 4.
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Figure 9. Grid independence analysis for a particle’s radial migration as a function of time 
for AR = 4, rp0 = 12 jum, and a time step At = 1 x  10-5 s. The lines for Mesh 3 and Mesh 
4 are very close, which demonstrated that Mesh 3 had a reasonable accuracy and a more 
efficient computational time.
6. PARTICLE DYNAMICS W ITHOUT A MAGNETIC FIELD
In this section, the effect of the particle aspect ratio, AR, average radius of the 
channel, Ravg, and initial particle-wall separation distance, rp0, were examined regarding 
particle dynamics in the absence of a magnetic field. For an elliptical particle in a low 
Reynolds number and in the presence of a channel wall, the particle oscillated toward 
and away from the wall according to a non-zero lift velocity perpendicular to the wall, 
as observed by Gavze et al. (Gavze and Shapiro, 1997). These oscillatory motions were 
caused by some of the forces involved and the inertia (Zhang and Wang, 2018; Zhou et al., 
2017b). The wall lift force was a consequence of the coupling of the rotation and translation 
dynamics of the particle and the particle-wall hydrodynamic interaction. This force pushed 
the particle toward the channel center; whereas, the shear gradient lift force, mentioned in 
this paper, was due to the non-linearity of the fluid velocity profile and its interaction with 
the particle. As a result, this force pushed the particle toward the wall.
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Figure 10. Translation and rotation of an elliptical particle in the absence of a magnetic 
field. The particle had an aspect ratio AR = 4 and the initial radial position is rp0 = 12 
jum, whereas the initial particle direction was <pp0 = 43° in the beginning of the simulation. 
The channel’s average radius was Ravg = 175 jum. The particle-wall distance was studied 
with respect to its (a) 6P position; (b) time, t, in the curved channel; (c) the evolution of 
the orientation angle <p'p with respect to dimensionless time t/T0; (d) the rotational velocity 
wp versus <p'p ; and (e) the velocity profiles for a curved channel (dashed line) and straight 
channel (dotted line).
For an elliptical particle in a curved channel and in the absence of a magnetic 
field, completion of periodic rotation and its net radial migration was analyzed. The main 
difference between a particle in a straight channel and in a curved channel was based on
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the velocity profile and the shear rate dependent upon the channel geometries. The shear 
rate in a straight channel was applied from the same direction, and its magnitude remained 
the same so long as the channel width and geometry were constant. As shown in previous 
studies, an elliptical particle in a straight channel spent an equal amount of time in the 
first half rotation versus the second half rotation, resulting in a zero net migration (Sobecki 
et al., 2018; Zhang et al., 2018; Zhang and Wang, 2018; Zhou et al., 2017b). In a curved 
channel, the shear rate changed directions with respect to the curvature of the channel, but 
the particle net migration still needed to be verified.
Figure 10 shows the dynamics of an elliptical particle with AR = 4 initially posi­
tioned at rp0 = 12 jum and <pp0 = 43°, and it was placed in a channel where the average radius 
was Ravg = 175 jum. As seen in Figure 10 (a), the particle transportation throughout the 
curved channel resulted in a radial migration towards the inner wall, Arpg < 0 jum. Similar 
to previous research articles, in Figure 10 (b), the particle oscillated away from the wall in 
the first half of its periodic rotation (0° < <p'p < 90°) and towards the wall in the second half 
(90° < (p'p < 180°); thus, the particle did not radially migrate toward the inner channel wall. 
In Figure 10 (c), the orientation of the particle, <p'p , was a function of the dimensionless 
time, t/T0, where 7b was the total time for one periodic rotation. The periodic rotation and 
the angular velocity, seen in Figure 10 (d), were symmetric with respect to <p'p = 90°, which 
was due to the shear rate. However, even though there was a different channel geometry, 
the elliptical particle had a net-zero radial migration. In previous works,r was defined as 
the ratio between the amount of time the particle spent in the first half of its rotation to its 
second half (Sobecki et al., 2018; Zhang et al., 2018; Zhang and Wang, 2018; Zhou et al., 
2017b). Therefore, a particle with AR = 4 transporting in a channel with Ravg = 175 jum 
resulted in r  = 0.50, and the shear gradient lift force in the second half of the particle’s 
rotation was equal to the wall lift force in the first half. As a result, a zero net radial 
migration occurred. The radial velocity was also zero, even when there were two different 
velocity profiles for the curved channel (dashed line) and the straight channels (dotted line),
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as seen in Figure 10 (e). The wall distance was described from the inner radius to the outer 
radius for a curved channel and from the bottom wall to the top wall for a straight channel. 
For a straight channel, the velocity profile was symmetric regarding the channel center (at 
25 jum). For the curved channel, however, the velocity profile was asymmetric and the 
maximum velocity of the flow was between the inner wall and the channel center. However, 
due to the low inertia acting on the particle, the fluid velocity profile resulted in a zero net 
radial migration.
The net migration of an elliptical particle is shown in Figure 11 for particle aspect 
ratio, AR, average curve radius, Ravg, and initial radial particle-wall distance rp0. With these 
different parameters, an outcome was established for the radial migration of an elliptical 
particle after one periodic rotation and upon exiting the curved channel.
In Figures 11 (a) and 11 (d), the aspect ratio affected the particle dynamics in a 
curved channel when rp0 = 12 jum and Ravg = 175 jum. In Figure 11 (d), as AR  increased 
from 2 to 4, the particle executed fewer periodic rotations in the curved channel because 70 
increased. Consequentially, for all aspect ratios, Arpn = 0 jum, but they radially migrated 
towards and away from the inner wall at different rates, and the particle completed its 
^-rotation at different positions inside the curved channel, 6P, even though rp0 was the 
same for all cases. For example, for AR = 2, the total time for one periodic rotation was 
70 = 0.064 s, 70 = 0.096 s for AR = 3, and 70 = 0.15s for AR = 4. Likewise, the periodic 
rotation was executed earlier in the channel, as seen in Figure 11 (a), where 6P = 64° for 
AR = 2, 6p = 97° for AR = 3, and 0p = 149° for AR = 4. Upon exiting the curve, 
Arpe = -0 .09  jim  for AR = 2, Arpe = -0 .16  jum for AR = 3, and Arpe = -0.023 jum for
AR = 4. The particle radial migration velocity throughout the channel was observed where 
a particle with AR = 4 oscillated towards the wall, but its overall net migration was less 
than all the other aspect ratios.
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Figure 11. Effects of particle aspect ratio, AR, average radii, Ravg, and initial radial position, 
rpo, values on the radial particle-wall separation, Arpn and Arpe, of elliptical particles for 
the range 0° < 6p < 180° in the absence of a magnetic field. The (a) 6p and (d) time 
dependency on the aspect ratio effect on the particle’s radial position (rp -  rp0y. AR = 2 
(dash line), AR = 3 (solid line), AR = 4 (dot line). The initial position is rp0 = 12 jum and 
the average channel radius is Ravg = 175 jum. The (b) 6P and (e) time dependency on the 
average radius effect on rp -  rp0: Ravg = 125 ^m  (dash line), Ravg = 175 jum (solid line), 
Ravg = 225 jum (dot line). The particle’s aspect ratio and position are AR = 4, rp0 = 12 jum, 
and respectively. The (c) 6P and (f) time dependency of the particle’s initial radial positions 
on the effect on the radial position rp -  rp0: rp0 = 10 jum (dash line), rp0 = 12 ^m  (solid
line), rp0 = 14 ^m  (dot line), rp0 = 16 jum (dash-dot line). The particle’s aspect ratio and 
the average channel radius were AR = 4 and Ravg = 175 jum, respectively. The black dots 
in (d,e,f) represented the end of the particles’ n rotation.
In Figures 11 (b) and 11 (e), the average radius Ravg was increased, while keeping 
AR = 4 and rp0 = 12 jum. When the average radius of the curved channel increased, the 
particle completed more periodic rotations because the arc length increased. The rotational 
time, 7b, decreased and the net radial migration after one periodic rotation, Arpn, was zero 
for Ravg = 175 jum and Ravg = 225 jum. In Figure 11 (e), the particle did not execute a full
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periodic rotation for Ravg = 125 jum (dash line). In Figure 11 (b), however, as the particle 
was exiting the channel curve, Arpe increased where Arpe = -0.042 jum for Ravg = 125 jum, 
Arpe = -0.023 jum for Ravg = 175 jum, and Arpe = 0.21 jum for Ravg = 225 jum. As the 
average radius increased from Ravg = 175 jum to Ravg = 225 jum, T0 decreased, along with 
the 6p position at the end of the particle periodic rotation, where 0p = 149° for Ravg = 175 
jum and 0P = 109° for Ravg = 225 jum.
In Figures 11 (c) and 11 (f), rp0 increased from 10 jum to 16 jum, while keeping 
AR = 4 and Ravg = 175 jum. In Figure 11 (c), as rp0 increased, T0 also increased if the shear 
rate was smaller towards the channel center. The radial migration of the particle, however, 
experienced a zero net radial migration when the particle was placed farther away from the 
channel wall. In Figure 11 (f), as rp0 increased, the particle was less likely to perform a 
periodic rotation and 0P increased at <p'p = 90°. Particles initially farther away from the 
wall spent a shorter time in the channel than all other initial positions shown, but the initial 
particle-wall distance affected the radial migration of the particle. For all initial positions, 
the wall lift force was stronger than the shear lift force; thus, Arpn > 0 jum at <p'p = 90° and 
increased when rp0 decreased. For rp0 = 12 ^m  and rp0 = 10 jum, the particle executed a 
periodic rotation due to the larger shear rate. For rp0 = 12 jum, T0 = 0.15s and 0P = 149° 
and T0 = 0.14s and 0p = 132° for rp0 = 10 jum for one periodic rotation. At the exit of the 
channel curve in Figure 11 (c), the particle commonly radially migrated towards or away 
from the inner channel wall but at different rates with Arpe = 0.25 jum for rp0 = 10 jum, 
Arpe = -0.023 jum for rp0 = 12 jum, Arpe = -0.095 jum for rp0 = 14 jum, and Arpe = 0 
jum for rp0 = 16 jum. Therefore, except at the channel center, the particle experienced a net 
radial migration towards the inner wall.
The behavior of an elliptical particle migration in a curved channel based on AR, 
Ravg, and rp0 on Arpe, and T0 was explained as: When the particle was in an unbounded fluid 
domain, the particle freely rotated because there was no inertia acting on the particle (Jeffery, 
1922). Thus, there was no net lateral migration. When the channel wall was present, there
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was a particle-wall hydrodynamic interaction that increased the resistance on the particle’s 
rotation (Gavze and Shapiro, 1997). When the particle aspect ratio increased, the periodic 
rotation of the particle increased because the particle-wall hydrodynamic interaction was 
more significant for larger aspect ratios than for smaller aspect ratios. Therefore, even if 
the shear lift force was greater than the wall lift force, a particle with a smaller aspect 
ratio radially migrated towards and away from the wall faster. Next, as the average radius 
increased, the particle completed a periodic rotation at a shorter 6P and required less time. 
For the first half of its rotation, Arpn from <p'p = 0° to <p'p = 90° increased, indicating that 
the channel geometry affected the particle dynamics during its transportation throughout 
the channel curve. Finally, as rp0 decreased, the wall lift force on the particle became more 
prominent because the shear rate was also larger near the channel wall. When a particle 
was initially placed farther away from the inner wall, the shear lift force had a larger impact 
on the radial migration, except at rp0 = 25 jum. Even though the last two parameters were 
studied for AR = 4, a similar conclusion was made for AR = 2 and AR = 3.
Conclusions and predictions were made for an elliptical particle transporting in a 
curved channel in the absence of a magnetic field. First, the channel geometry, the particle- 
wall separation distance, and the particle aspect ratio were important factors that ultimately 
affected the rotation, the radial oscillatory motion, and the overall channel transportation of 
the particle in a curved channel. Second, for a radial oscillatory motion after one periodic 
rotation, Arpn = 0 jum at <p'p = 180°, but the particle-wall distance was positive, Arpn > 0 
jum, at (p'p = 90°. The transportation of the particle throughout the curved channel was 
affected because the particle continued to radially oscillate, but the particle migrated either 
toward or away from the inner wall. In these cases, the shear lift force may have been equal 




The orientation and radial migration of a paramagnetic elliptical particle was nu­
merically investigated in a Poiseuille flow in a curved channel and under a uniform magnetic 
field. The numerical computations were accomplished by applying a multi-physics numer­
ical model based on a direct numerical simulation and a finite element method that used an 
arbitrary Lagrangian-Eulerian approach. Simulations were used to analyze how the geome­
try of the channel, the particle-wall distance, the shear rate, the shape of the particle, and the 
strength and direction of the magnetic field affected the orientation and net radial migration 
of the particle. The physics in this paper involved the hydrodynamic force (including wall 
lift and shear lift forces) and the coupling of the hydrodynamic and magnetic torques.
In the absence of a magnetic field, the particle executed symmetric periodic rotations 
and resulted in a zero net migration. The particle dynamics were analyzed by varying three 
parameters: particle aspect ratio, average channel radius, and initial position. The elliptical 
particle rotated and radially oscillated toward and away from the wall but at different rates.
In the presence of a uniform magnetic field, the periodic rotation of the particle 
became asymmetric, and its angular velocity was modified due to the magnetic torque 
acting on the particle. As a result, the particle radially migrated toward the channel center 
because the particle rotated backward in different parts of the channel where the magnetic 
field was stronger. The particle rotated backward in the first half of the curved channel when 
the magnetic field was applied at the direction a  = 0°, whereas a magnetic field applied at 
a = 90° resulted in a backward orientation in the second half of the channel. Furthermore, 
for an increasing magnetic field strength, the magnetic manipulation on an elliptical particle 
became more prominent for a larger range inside the curved channel and resulted in larger 
positive radial migrations and velocities.
Different from the analyses of a spherical particle in a low Reynolds number flow 
in a curved channel (Harding, 2018; Harding et al., 2019), a spherical particle, in this case, 
resulted in a zero net migration. Therefore, a shape-based separation was made feasible
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by applying a uniform magnetic field. Additionally, previous studies on particle separation 
in straight channels under uniform magnetic fields was studied to combine both channel 
geometries for a lab-on-a-chip design. This investigation gives researchers another method 
for an effective particle shape separation technique for industrial and biological applications.
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ABSTRACT
A numerical investigation was conducted on the dynamics of a pair of circular 
Janus microparticles immersed in a Newtonian fluid under a simple shear flow and a uniform 
magnetic field by direct numerical simulation. A COMSOL software applied a finite element 
method, based on an arbitrary Lagrangian-Eulerian approach, and analyzed the dynamics 
of two anisotropic particles (i.e., one-half is paramagnetic, and the other is non-magnetic) 
due to the center-to-center distance, magnetic field strength, initial particle orientation, and 
configuration. This article considered two configurations: the LR-configuration-magnetic 
material was on the left side of the first particle and on the right side of the second particle- 
and the RL-configuration-magnetic material was on the right side of the first particle 
and on the left side of the second particle. For both configurations, a critical orientation 
determined if the particles either attracted (below the critical) or repelled (above the critical) 
under a uniform magnetic field. How well the particles formed a chain depended on the 
comparison between the viscous and magnetic forces. For long particle distances, the 
viscous force separated the particles, and the magnetic forces caused them to repel each 
other, as the particle orientation increased above the configuration’s critical value. As the 
initial distance decreased, the particles formed a chain at a steady orientation. The chain 
formation was more feasible for the RL-configuration than the LR-configuration under the
same circumstances.
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1. INTRODUCTION
Janus particles, named after the Roman god Janus, are fabricated with two different 
materials on opposite sides and come in all shapes and physical properties (De Gennes, 
1992; Perro et al., 2005; Su et al., 2019). A magnetic Janus particle is an anisotropic 
particle with a magnetic and a non-magnetic hemisphere, two magnetic hemispheres with 
different magnetic susceptibilities, or it is made up of magnetic or non-magnetic particles 
with magnetic or non-magnetic caps (Ruditskiy et al., 2013). The fabrication of Janus 
particles includes coating and sonicating a whole particle to combine nanoparticles in 
microfluidic compartments, as well as ultraviolet technology, to solidify the Janus particle 
after forming droplets made out of magnetic and non-magnetic fluids (Hu et al., 2012; 
Lee and Yang, 2015; Varma et al., 2017; Yu et al., 2019; Yuet et al., 2010). The various 
important applications of magnetic particles includes, but are not limited to, the creation of 
complex architectural structures; colloidal superstructures; magnetorheological smart fluids 
for dampers, valves, and brakes; and biomedical applications such as biosensors, protein 
detection, and drug delivery systems (Ashtiani etal., 2015; Campuzano etal., 2019; Moran 
and Posner, 2017; Varma etal., 2017; Yan etal., 2015; Yang etal., 2008). Other advantages 
of Janus particles in applications include loading florescent nanoparticles, dyes, and drugs 
(Kaewsaneha etal., 2014; Li et al., 2015; Su etal., 2019; Zhao etal., 2019).
Unlike a dielectric Janus particle chain, which separates due to Brownian motion in 
the absence of an electric field, magnetic Janus particles separate under demagnetization, 
forming permanent chains and flails (Smoukov et al., 2009). For isotropic particles, chains 
or flails are formed with spherical and elliptical microparticles (Kang et al., 2008; Zhang 
et al., 2019). For anisotropic particles under a magnetic field, staggered chains, double 
chains, or clusters were constructed (Long et al., 2019; Ren and Kretzschmar, 2013; Ren
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et al., 2012; Ruditskiy et al., 2013; Steinbach et al., 2016). Colloidal superstructures 
were formed under a rotating magnetic field when programmed magnetic Janus particles 
rotated on their long axis and were used as building blocks with other particles (Yan et al., 
2015). By applying a simple shear flow, there were new challenges to study Janus and 
magnetic/dielectric particles under a uniform magnetic/electric field. In the absence of a 
magnetic field and under a simple shear flow, particles collided to form a doublet, and they 
were contactless but orbited periodically around each other (known as a closed orbit), or they 
separated from each other. Previous authors mentioned additional attributes, including the 
possibility of the particles forming a chain under an electric field or in a simple shear flow 
(Arp and Mason, 1977; Bartok and Mason, 1957; Darabaner and Mason, 1967; Darabaner 
et al., 1967; Lin et al., 1970; Van de Ven and Mason, 1976; van de Ven and Mason, 1976; 
Wakiya et al., 1967). Whether particles orbited around each other or not depended on the 
initial center-to-center distances and the initial particle orientations. In the presence of 
a magnetic field, chained isotropic particles either rotated or ruptured under a shear flow 
(Kang et al., 2012). Whether a chain ruptured or rotated depended on the ratio between the 
viscous force and the magnetic force, also known as the Mason number (Kang et al., 2012).
Besides experimenting with the behavior of Janus particles, numerical simulations 
applied powerful computer tools to observe the particle-particle interactions, and the hydro­
dynamic and magnetic force effects on the transportation, rotation, and migration behaviors 
for two or more particles. By applying numerical analyses, effects of hydrodynamic and 
magnetic forces were studied on particle dynamics based on many parameters of the numer­
ical model, including particle size, shape; height, width, and shape of the channel; shear 
rate of the fluid; magnetic susceptibilities of both halves of the particles; particles exerting 
magnetic force on one another; and the applied magnetic field strength and direction.
Even though there are no published articles on Janus particles in simple shear flows 
and under uniform magnetic fields, this research was an important subject for practical 
applications in science and engineering, including experimental and numerical analyses.
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For experiments in valves, for example, the viscosity of the fluid increased under a magnetic 
field, and it caused a resistance against the velocity of a fluid and was based on the fluid’s 
driving force and its active volume (Ashtiani et al., 2015; Rosenfeld and Wereley, 2004). 
In dampers, the magnetic field strength affected the damping force as shock absorbents by 
rearranging chains and increasing the yield stress inside the fluid (Ashtiani et al., 2015; 
Oh et al., 2020). In both cases, however, the ability to retain particle chains and/or 
clusters (which could consequentially mean the difference between success and failure of 
applications) was dependent on the fluid flow (caused by external forces) and the strength 
of the magnetic field.
As discussed by Anupama et. al. (2018), under a uniform magnetic field, depending 
on the particle concentration, single strands (low concentration) or columns (high concentra­
tion) were formed in a quiescent fluid. When a low to high shear rate was applied, the effect 
of the applied magnetic field was analyzed. With a low magnetic field strength for a low 
shear rate, the particles reacted to the flow and rearranged themselves to initial/equilibrium 
positions (linear viscoelastic). For a high shear rate, the particles separated and created 
random structures due to their inability to respond in time (viscoplastic). In contrast, for a 
highly applied magnetic field at a low shear rate, the magnetic strength between particles 
was so high that the flow effect on structured columns was almost negligible. As the shear 
rate increased, the hydrodynamic force attempted to break the bonds between particles, but 
the columns either remained intact or reassembled themselves with minimal wall contact. 
In both of these cases, the particle columns deconstructed, reconstructed, and maintained 
minimal contact with the moving wall. In numerical studies, Kang et. al. (2008) success­
fully analyzed two solid paramagnetic circular particles in a quiescent flow and under a 
uniform magnetic field, a method that was later applied to study two elliptical paramagnetic 
particles (Kang et al., 2008; Zhang et al., 2019). Numerically studied anisotropic circular 
and elliptical particles under a uniform magnetic field was validated using statistical analy­
sis (Kim and Kang, 2017; Kim et al., 2017; Seong et al., 2016). With academic literature
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supporting computer simulations, anisotropic particles in shear flows, and under a uniform 
magnetic field, an arbitrary Lagrangian-Eulerian (ALE) algorithm for the finite element 
methods (FEM) was applied, and the direct numerical simulation (DNS) was used. The ap­
plication of this numerical analysis allowed the computation on the dynamics of particles in 
quiescent, Poiseuille, and simple shear flows for fluid-particle and particle-particle physics 
(Cao et al., 2018; Sobecki et al., 2020; Zhang et al., 2018; Zhang and Wang, 2018; Zhang 
et al., 2019). Even though the following numerical method was different, Seong et. al.’s 
(2016) numerical results were used to validate this model.
While there was experimental and numerical investigations of microscale Janus 
particle dynamics, this work was the first to study the dynamics of microscale Janus 
particles in shear flows and under a uniform magnetic field (Kim and Kang, 2017; Kim 
et al., 2017; Lee and Yang, 2015; Long et al., 2019; Ren and Kretzschmar, 2013; Ren 
et al., 2012; Ruditskiy et al., 2013; Seong et al., 2016; Smoukov et al., 2009; Varma 
et al., 2017; Yan et al., 2015; Yu et al., 2019; Yuet et al., 2010). Applications include 
drug deliverance, disease diagnosis, and magnetorheological fluids in dampers and pumps. 
This article focused on a two-dimensional analysis of two anisotropic paramagnetic Janus 
particles in a simple shear flow and under a uniform magnetic field. For two Janus particles, 
two configurations were considered: the LR-configuration and the RL-configuration; three 
parameters were included: the center-to-center particle distance, the magnetic field strength, 
and the particle orientation. For two neighboring particles, there was a particle-particle 
interaction that affected the surrounding fluid, a viscous force to separate or orbit both 
particles due to the shear rate, and a magnetic force that allowed the particles to either repel 
and/or attract one another to form a chain.
Section 2.2 validated and analyzed the dynamics of two circular particles in a simple 
shear flow in the absence of a magnetic field, the rotational dynamics of a single Janus 
particle under a uniform magnetic field in a quiescent flow, and the dynamics of two Janus 
particles under a uniform magnetic field in a quiescent flow. In the first case, depending
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on the initial particle distance and orientations under a simple shear flow, the particles 
either separated or orbited each other and completed a 2n orientation. For the second case, 
because a circular Janus particle’s magnetic property is anisotropic, the magnetic torque 
rotated the particle until its hemisphere was parallel to the direction of the magnetic field. 
Finally, for the third case, the critical orientation of the configurations allowed the particles 
to either attract each other (below the critical) or repel and then attract (above the critical), 
depending on the initial particle orientation. When the particles were in motion, they 
affected the surrounding fluid due to the particle-fluid-particle interactions induced by the 
magnetic force.
Finally, the shear flow and the uniform magnetic field were combined to observe how 
the particles repelled or attracted due to their orientation and how their relative positions 
in the fluid domain affected their dynamics. The particles repelled under the combination 
between the magnetic and hydrodynamic forces when the orientation of the particles in­
creased by the shear rate above the critical and by the magnetic force. In these cases, the 
rate of the particle separation was analyzed due to the initial orientation and the magnetic 
field strength. Furthermore, as the initial particle distance decreased, a chain formation 
was feasible at a stable steady orientation, but it occurred more often for one configuration 
than the other. Although not immensely studied, the particles’ stable steady directions 
under separation or chain formation and their stable steady orientations were analyzed. A 
DNS was applied by using a FEM, based on an ALE approach, to analyze the combination 
between the magnetic field, the simple shear flow, and the particle-particle interaction, 
and to solve the dynamics of the particles and the flow field in a square domain. The 
hydrodynamic and magnetic forces and torques were computed by a COMSOL FEM solver 
(5.3a, COMSOL Inc., Burlington, MA, USA) to calculate the orientation and the position 
displacement motions.
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2. PROBLEM  FORMULATION
2.1. NUMERICAL MODELING
2.1.1. Numerical Setup. In this study, two equally sized and neutrally buoyant 
circular Janus particles were placed in a simple shear flow of an incompressible Newtonian 
fluid, with a density p f  and a dynamic viscosity , and under a uniform magnetic field Ho, 
shown in Figure 1 (a). The computational domain consisted of two particle surfaces dr  
and dr 2, and particle domains r  and r 2, where subscripts 1 and 2 represented particles 
1 and 2, respectively. The domains for both Janus particles were equally sectionalized 
into a paramagnetic side with a constant susceptibility and a non-magnetic side, which 
corresponded to an anisotropic magnetic particle, as seen in similar studies (Seong et al., 
2016). The anisotropic property of a paramagnetic Janus particle gives it a unique behavior, 
as opposed to its isotropic counterpart. Under a uniform magnetic field, an isotropic 
paramagnetic particle does not experience a magnetic angular velocity, but a Janus particle 
rotates until the particle direction (the normal direction to the internal interface) is parallel 
to the magnetic field (Seong et al., 2016). Furthermore, a pair of Janus particles’ initial 
directions was classified by a configuration, where Figure 1 (b) shows the LR-configuration, 
and Figure 1 (c) shows the RL-configuration. The configurations were seen as the initial 
directions of the particles. For example, the LR-configuration was classified when particle
1 had its magnetic half on the left hand side and 0 1,o = 270° (L); whereas, particle 2 
had its magnetic half on the right hand side and <p2,0 = 90° (R) and vice-versa for the 
RL-configuration. The particles were positioned at an orientation, 0, and separated by a 
center-to-center distance, d . Particle 1’s position was below the origin -  whereas particle
2 was above at (xPi, ypi) = | (+ sin (0), + cos (0)) -  where i = 1 ("-"), and i = 2 ("+") 
represented particles 1 and 2< respectively. The Janus particles had an initial orientation,
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90, that was either at or in between 90 = 0° (where the particles were vertical from each 
other) and 60 = 90° (where the particles were horizontal from each other), as shown in 
Figures 1 (d) and 1 (e), respectively.
The computational domain included a fluid domain, Q1, enclosed by the boundary 
A \B 1C1D 1, with the width and height as w = h = 200 ^m , and an air domain, Q2, enclosed 
by the boundary A2B2C2D2 that was twice the width and height of the fluid domain. The 
top and bottom boundaries, A 1B1 and D 1C1, were solid walls with horizontal velocities 
that were equal, but opposite, creating a shear flow. The air domain applied a uniform 
magnetic field parallel to the y-axis by setting boundaries B2C2 and D2A2 as magnetic 
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Figure 1. (a) Schematic of two Janus particles in a simple shear flow and under a uniform 
magnetic field. The particles were in a fluid domain Q1, and the magnetic field was produced 
inside the air domain ^ 2. The particle angles are shown in the LR-Configuration box (b), 
and the orientation, and the center-to-center distances are seen in the RL-Configuration box 
(c). The initial orientation used in this study were either equal or in between (d) 60 = 0° 
and (e) 60 = 90°.
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the C2D 2 boundary had a magnetic scalar potential Vm0 = H0 * 2h. A uniform magnetic 
field was developed in both domains and was parallel to boundaries B2C2 and D 2A2 without 
a current.
The numerical simulation was initially set up with wall velocities that gradually 
increased over time until a shear flow was fully developed. Afterwards, a magnetic field 
was automatically applied. This ensured that the particles were affected by the shear flow 
and the magnetic field at approximately the same time.
2.1.2. Governing Equations: The M agnetostatic Problem. For two Janus parti­
cles in a uniform magnetic field, the calculation of a magnetic field was applied in the entire 
domain without a current. For the entire domain, the magnetic potential is given by the 
magnetostatic equation,
V • ( =  0, (1)
where <p is the magnetic scalar potential and ^  is the magnetic permeability related to the 
magnetic susceptibility x  by solving \x = ^ 0 (1 + x ) ,  where ju0 is the permeability of free 
space. The magnetic field intensity, H, and the magnetic flux density, B, are defined by the 
magnetic scalar potential and permeability H = -V^> and B = juH, respectively.
Note that for an anisotropic particle in a non-magnetic fluid, there are two disconti­
nuities regarding the magnetic permeability. The first discontinuity is across the interface 
between the fluid and the outer boundary of the magnetic domain of the particle. The sec­
ond discontinuity is across the boundary between the magnetic and non-magnetic domains 
inside the particle. A non-uniform magnetic field is produced in addition to the permeability 
inside a Janus particle. The permeability ^  = ^ 0 was for the fluid, air, and non-magnetic 
particle domains, and ^  = ^ 0 (1 + x )  was in the magnetic particle domain. After finding the 
magnetic field intensity and flux density, without a current, the magnetic scalar potential 
satisfied the governing Maxwell equations, independent of any boundary conditions,
V x H = 0, (2)
142
V • B = 0. (3)
The pair of Janus particles were assumed to be in a Stokes flow regime, and the inertia 
of the particles were considered neglected because the Reynolds number was low. These 
assumptions were applied in microscale flows for a Reynolds number less than one and 
for microscale particles (spherical and non-spherical) (Cao et al., 2018; Kang et al., 2012; 
Sobecki etal., 2020; Zhang and Wang, 2018; Zhou etal., 2017). Under a Stokes flow regime 
and a uniform magnetic field, the flow is governed by the continuity and the momentum 
balance equations, and the particles are governed by Newton’s second law,
V • u = 0 (4)
V • ^  + V • T m = 0, (5)
where u is the fluid velocity, a  = - p i  + p-f (Vu + (Vu)r ) is the Cauchy stress tensor, and 
T m = p  (HH -  H2i/2 ) is the Maxwell stress tensor. The stress tensors are defined by the 
pressure, p, the viscosity, p f , the identity tensor i, and H2 = H • H. The magnetic force 
between the Janus particles is calculated by the divergence of the Maxwell Tensor and is 
added to the momentum balance equation.
2.1.3. Governing Equations: The Flow Problem. In addition to the continuity 
equation, the fluid flow u is governed by the Navier-Stokes equation with a no-slip condition 
on walls A\B \ and D\C\ and with zero normal pressure at boundaries D \A \ and B\C\, 
seen in Figure 1 (a)
P f [Y t + (u • V)u] = V • nf  (Vu + (Vu)T) + V • Tm, (6)
where t is time. In a Stokes flow, if the Navier-Stokes equation is non-dimensionalized, 
the Reynolds number is on the left hand side of the equation. Therefore, as the Reynolds 
number approaches zero, the acceleration term |y , and the inertial term (u • V)u disappear.
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The velocity of the fluid, u, is also governed by the constraint for the rigid body motion on 
the surface of the ith particle. The fluid velocity is based on the position on the ith particle’s 
surface, x, along with the ith particle’s angular velocity , the ith particle’s center of mass 
position Xi = (xi, yi), and the ith particle’s translational velocity u :
u = Ui + Wi x (x -  X/), on d r  (t) (i = 1, 2 , . . . ,N ), (7)
u = yh /2  on A 1B 1, (8)
u = - j h / 2  on C1D 1, (9)
and where the latter two equations are the fluid velocity on the channel walls A 1B1 and 
C1D 1 where f  is the shear rate of the fluid.
Due to a no-slip condition on the particles’ surfaces, the fluid velocity was a function
of the particle translation velocity at their positions, rotation velocity at their directions <pi,









where (xi$, yi,o) and <pi$ are the initial positions and the initial direction of the ith particle, 
respectively. Finally, the balance equations for forces and torques calculated the rigid body 
motions. Assuming that inertia was absent, there were two balance equations that were 
integrated over the ith particle’s surface:




Ti = f  ri x  \((r + T m)• n ]dS = 0,
JdTi
(15)
where F, is the sum of the hydrodynamic and magnetic forces to calculate the particles’ 
velocity, and T  is the sum of the hydrodynamic and magnetic torques to calculate the 
particles’ angular velocity over the surface of the particles at time t .
2.1.4. M aterial Properties and Dimensionless Scale. In the following simulation 
results, the fluid in domain Q.1 was incompressible and Newtonian, and its property was a 
water-based material with a density and dynamic viscosity of 1000 kg/m3 and 1.002 x 10-3 
Pa-s, respectively. The material in domain Q2 was air. Both domains were square shaped 
with side lengths in Q2 that were twice as large as Q 1, and w = h = 200 jum. The velocities 
of the solid walls were U = 2cm/s (for the top) and U = -2  cm/s (bottom); thus, the shear 
rate was y  = 200 1/s. The Janus particles had a density of 1100 kg/m3 and a radius of 
r = 3.5 jum. The magnetic susceptibility for one-half of the Janus particle, the air, and the 
fluid was x  = 0; whereas, the other half of the Janus particles had a susceptibility x  = 1 
(Seong et al., 2016).
All data shown were non-dimensionalized; the center-to-center distance was d * = 
d /r , and the initial and time-dependent particle positions were (x*0,y*0) = (ay0, yi,o)/r 
and (x*,y*) = (x i,y i)/r , respectively. There were also two dimensionless times. With 
moving walls, the dimensionless time was set as t* = ty , and without moving walls, the 
dimensionless time was set with the magnetic time scale tm = nJ2Tr2, where B =^ 0̂ PLH-0 3+Xp
(Kang et al., 2012, 2008; Kim and Kang, 2017; Kim et al., 2017; Seong et al., 2016; 
Zhang et al., 2019). Furthermore, to compare the strength of the viscous and the magnetic 
forces, one can calculate the Mason number Mn = ^ , where a lower Mason number
value indicated that the magnetic force was more dominant than the viscous force and the 
particles formed a chain or stayed magnetized. A higher Mason number had an opposite 
effect because the only focus was on two magnetic field strengths, and there was only one 
magnetic susceptibility for the magnetic domain of the Janus particle. Therefore, the study
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did not focus on the Mason number. Instead, the strength between the magnetic and viscous 
forces were analyzed due to the distances of the particles, the magnetic field strength, and 
the particle orientations.
2.2. VALIDATION OF NUMERICAL SIMULATION
The rotation and migration dynamics of two anisotropic paramagnetic Janus parti­
cles were affected by the hydrodynamic and magnetic forces and torques. When two circular 
particles were nearby, the particle-particle and particle-fluid interactions became an impor­
tant phenomenon to consider on the effect on fluid flow, forces, and torques, in addition 
to channel size, particle orientation, distance, and direction. Given the parameters of the 
channel and the particles, a direct numerical simulation (DNS) was administered from the 
finite element method (FEM), and an arbitrary Lagrangian-Eulerian (ALE) method for the 
coupling of particle-particle interactions, fluid flow, and the uniform magnetic field. The 
simulations were solved by a commercial FEM solver, COMSOL Multiphysics (numerical 
modeling). The inside and outside of the particles were meshed in a time-dependent solver 
for a particle-particle and particle-fluid interaction model. The simple shear flow gradually 
increased by the step function, and at the same time, a piecewise function activated the 
uniform magnetic field. In this model, a quadratic triangular mesh was applied inside all 
domains. The total number of meshes was 27,706 elements. Where the Janus particles had 
6750 domain elements and 368 surface elements, the fluid domain had 16,234 elements, 
and the air domain had 4722 elements. Furthermore, the time step was At = \e -  5s.
In this section, the numerical simulations were quantitatively validated, as shown in 
Figure 2. The dynamics for two circular particles in a simple shear flow without a magnetic 
field were validated in Figure 2 (a), the rotational dynamics of a single Janus particle in 
Figure 2 (b), and the dynamics of two Janus particles in Figures 2 (c) and 2 (d) (Darabaner 
et al., 1967). The latter three were Janus particles under a uniform magnetic field without 
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Figure 2. Validation and path of (a) two Janus particles in a simple shear flow in the absence 
of a magnetic field with an initial distance of d0 = 2.4. The direction and dimensionless 
angular velocity, with respect to dimensionless time, for (b) a single Janus particle rotating 
in a magnetic field without a simple shear flow, and motions of two Janus particles in (c) LR- 
and (d) RL-configurations in a magnetic field without a simple shear flow and with an initial 
distance of d0 = 4.0. The particles in (a) showed that the particles 1 (dotted line and star at 
initial orientation) and 2 (solid line and circle at initial orientation) separated at 00 = 0° (red 
lines) but orbited each other at 00 = 90° (black lines). A single Janus particle in (b) had an 
initial direction at <p0 = 0.1°. The angular velocity was at its maximum at <p = 45° and at 
its minimum at <p = 0° and <p = 90°. In (c), the attraction and the repulsion-attraction for 
both Janus particles at their initial orientations 00 = 0° (red), Q0 = 20° (blue), and Q0 = 45° 
(black) for the LR-configuration. Similar results were shown in (d) with initial orientations 
60 = 0° (red), 60 = 20° (blue), and 60 = 53° (black). The symbols shown were data points 
from the authors' results for comparison to the simulation results. The critical values for 
LR- and RL-configurations were Qc,lr ~ 32° and 6 c,rl ~ 53.5°, respectively.
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Shown in Figure 2 (a) are the results of a pair of particles in a simple shear flow 
without a magnetic field, an initial distance of d** = 2.4, and initial particle orientations 
6q = 0° and 6o = 90°. The particles with an initial orientation of 60 = 0° separated, and 
their positions were slightly displaced as they were carried by the simple shear flow. In 
contrast, for 60 = 90°, the particles completed a periodic 2n orientation around each other 
and almost ended at their initial positions. At the end of the 2n orientation, the error for 
each particle’s initial and final positions were 0.5 percent for particle 1 and 0.25 percent for 
particle 2. Therefore, the numerical model was in a quantitative agreement with a previous 
study (Darabaner et al., 1967).
Secondly, a single Janus particles was validated with previous numerical results 
(Seong et al., 2016). Shown in Figure 2 (b) are the angular velocity m* = wtm and direction 
of the Janus particle, <p, over a period of dimensionless time t* = t!tm. The initial direction 
of the particle was set to (p0 = 0.1°, and the magnetic strength was H0 = 5000 A/m. The 
minimum angular velocity occurred at the particle directions <p = 0° and <p = 90°, and the 
maximum angular velocity occurred at approximately <p = 45°. The results were thus in 
agreement with Seong et. al. (2016).
Finally, the LR- and RL-configurations-under a magnetic field strength at H0 = 5000 
A/m and at an initial distance d * = 4-were also validated by Seong et. al. (2016), as shown 
in Figure 2 (c), for the LR-configuration and 2 (d) the RL-configuration. The initial particle 
orientations were Q0 = 0°, Q0 = 20°, and 00 = 45° for the LR-configuration and Q0 = 0°, 
60 = 20°, and 60 = 53° for the RL-configuration. The critical orientations represented a 
boundary between whether the particles initially attracted each other, or if they repelled 
then attracted, and were approximately Qc,lr ~ 32.5° and Qc,rl ~ 53.5° (Seong et al., 
2016). Exemplified in Figure 2 (c), for the LR-configuration, the particles attracted at 
Q0 = 0° and 00 = 20°; whereas, the particles first repelled and then attracted at 00 = 45°. 
Similarly, in Figure 2 (c), for the RL-configuration, the particles attracted at 00 = 0° and 
Q0 = 20°; whereas, the particles first repelled and then attracted at Q0 = 53°. Once again, the
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numerical results (shown in lines) quantitatively agreed with the previous authors’ results 
(shown in symbols), and all numerical models used a total number of approximately 27,000 
meshes and a time step of 1e -  5s.
3. RESULTS AND DISCUSSION
In this section, the magnetic field was applied at the strengths Hq = 0 A/m (absent 
magnetic regime), H0 = 5000 A/m (moderate magnetic regime), and H0 = 10,000 A/m 
(strong magnetic regime). Both particles were initially separated at dQ = 2.4, d0 = 3.2, and 
d,Q = 4.0 and at initial particle orientations 60 = 0°, 60 = 25°, 60 = 65°, and 60 = 90°. This 
case combined the importance of the distances and orientations between the simple shear 
flow and the magnetic field strengths with two particle orientations that were below and 
above the critical values for both configurations. For the rest of this study, not only were the 
magnetic and viscous forces evaluated, but the behavior of the LR- and RL-configurations 
were also compared because they had different critical orientations. The comparisons 
included how fast particles separated, their orientation, their stable steady directions, and 
their positions in the fluid domain. If the magnetic force was strong enough, the particles 
formed a chain at a stable steady orientation qlr,ss and/or qrl,ss , as shown in Tables 1 and 
2 in Section 3.3.
3.1. THE LR-CONFIGURATION
The particle dynamics for the LR-configuration at initial distances dQ) = 4.0, d î) =
3.2, and d î) = 2.4 are shown in Figures 3, 4, and 5, respectively. In Figures 3 (a), 3 
(b), and 3 (d), the viscous forces were stronger than the magnetic forces, and the particle 
distances increased over time, but at different rates. The only exception at the initial particle 
orientation 60 = 90° and H0 = 0 A/m, where the particle distance oscillated, as seen in 
Figures 3 (b) and 3 (d), and the particles orbited around each other, as seen in Figures 3 
(a), 3 (c), and 3 (e). For 60 = 0°, the particles separated faster under a magnetic field
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strength H0 = 5000 A/m than at H0 = 0 A/m and H0 = 10,000 A/m. When the magnetic 
field strength was H0 = 10,000 A/m, the particles were initially attracted to the origin 
of the fluid domain before the viscous force overcame the magnetic force and separated 
the particles. In contrast, for other magnetic field strengths, the particles’ positions were 
initially farther from the origin, thus explaining the initial faster separation rate before the 
H0 = 10,000 A/m line surpassed the H0 = 0 A/m line in Figures 3 (b) and 3 (d). The 
behavior was explained by the strength of the magnetic field and the shear flow. The 
particle orientation was greater than the critical orientation, QLR,SS « 32°, and the particles 
repelled each other, resulting in a greater orientation rate, as shown in Figures 3 (c) and 3 
(e). For all other initial particle orientations, the particles under the magnetic field strength 
H0 = 10,000 A/m repelled each other faster than the other magnetic strengths. Under a 
non-zero uniform magnetic field strength, the following particle orientations were given 
from fastest to slowest separation: 60 = 25°, 60 = 0°, 60 = 65°, 60 = 90°. In Figures 3 (c) 
and 3 (e), it was noticed that because the magnetic force was initially stronger for 60 = 0° 
and H0 = 10,000 A/m, the particle orientation rotated backwards before the viscous force 
overcame the magnetic force. For particles with an initial orientation less than 60 = 90°, the 
particle orientation monotonically increased overtime, with the lesser magnetic strengths 
initially allowing a faster orientation rate before the larger magnetic field strengths surpassed 
it. However, for the initial orientation 60 = 90°, the orientation of both particles under a 
uniform magnetic field decreased monotonically and then increased. In theory, if the fluid 
domain was an infinite rectangular domain, the particle distance increased overtime, and 
the particle orientation approached 6 = 90°.
Next, the particle dynamics for JQ = 3.2 in Figure 4 were observed. In most cases, 
the particles separated because either the viscous force was stronger than the magnetic force, 
or the particles initially repelled each other and were separated by the shear flow. The only 
exception was when the particles formed a chain at a stable steady orientation, qlr,ss , shown 
in Figures 4 (c) and 4 (e), at Q0 = 0° and under the magnetic field strength H0 = 10,000
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Figure 3. Numerical results for the LR-configuration at d *0 = 4.0. The results are seen 
for (a) the center of mass position for particle 1 (dotted-line) and particle 2 (solid line), 
(b) the distance between two particles over time, and (c) the particle orientation over time. 
The particles were observed for the initial orientations 00 = 0° (red), Q0 = 25° (blue), 
0 = 65° (magenta), and 00 = 90° (black) under the magnetic field strengths H0 = 0 A/m (no 
symbol), H0 = 5000 A/m (circle), and H0 = 10,000 A/m (cross). The particle dynamics in 
























Figure 4. Numerical results for the LR-configuration at d *0 = 3.2. The results exhibit (a) 
the center of mass position for particle 1 (dotted-line) and particle 2 (solid line), (b) the 
distance between two particles over time, and (c) the particle orientation over time. The 
particles were observed for the initial orientations 60 = 0° (red), 60 = 25° (blue), 6 = 65° 
(magenta), and 60 = 90° (black) under the magnetic field strengths H0 = 0 A/m (no symbol), 
H0 = 5000 A/m (circle), and H0 = 10,000 A/m (cross). The particle dynamics in (d) and 
(e) are enlargement graphs for (b) and (c), respectively.
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Figure 5. Numerical results for the LR-configuration at d*Q = 2.4. The results are introduced 
for (a) the center of mass position for particle 1 (dotted-line) and particle 2 (solid line), 
(b) the distance between two particles over time, and (c) the particle orientation over time. 
The particles were observed for the initial orientations 0o = 0° (red), 60 = 25° (blue), 
6 = 65° (magenta), and 60 = 90° (black) under the magnetic field strengths H0 = 0 A/m (no 
symbol), H0 = 5000 A/m (circle), and H0 = 10,000 A/m (cross). The particle dynamics in 
(d) and (e) are enlargement graphs for (b) and (c), respectively.
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A/m. Seen in Figures 4 (b) and 4 (d), the initial orientation 60 = 25° had a faster separation 
rate because the particles initially attracted each other. The shear rate, however, forced 
the particle orientation to increase above the critical orientation, as observed in Figures 4 
(c) and 4 (e). At this point, the particles repelled each other, and their positions drifted 
farther from the origin. The latter orientations had a slower separation rate with the initial 
orientation 0o = 65° separating faster than Q0 = 90°. Similar to the initial separation at 
J q = 4.0, the particles with an initial distance of dQ = 3.2 under a magnetic field strength 
of H0 = 5000 A/m initially attempted to attract each other under a strong magnetic regime 
before the viscous force separated them, as seen in Figures 4 (c) and 4 (e).
Finally, the particle dynamics were observed at = 2.4, as presented in Figure 5. 
In Figures 5 (a), 5 (b), and 5 (d), the magnetic force was stronger than the viscous force 
for the initial orientations 60 = 0° and 60 = 25° at the strength H0 = 10,000 A/m, and 
the particle distances decreased until a chain was formed. In all other cases, the viscous 
force was stronger than the magnetic, thus the particle distances increased at different rates. 
The only exception was when the particles completed periodic orientations at 00 = 65° and 
60 = 90° in the absence of a magnetic field. At the magnetic field strength H0 = 10,000 
A/m, the particles separated faster at the initial particle orientation of 60 = 65° than all 
other cases, including 60 = 90° at the same magnetic field strength. For the magnetic 
field strength H0 = 5000 A/m, the following particle orientations were given from fastest 
separation to slowest: 60 = 25°, 60 = 65°, 60 = 0°, and 60 = 90°. In fact, the particle 
separation rate for H0 = 5000 A/m and 60 = 0° was initially slower because the particle 
orientation rotated backwards, as seen in Figures 5 (c) and 5 (e), before it monotonically 
increased. Similar to other initial distances and under a uniform magnetic field, the particles 
with an initial orientation 60 = 90° monotonically decreased and then increased. The rates 
of the orientation decreasing and/or increasing, the rate of the periodic orientation, and
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whether or not a chain forms depends on the particles’ positions in the fluid domain and 
their initial orientations. When the particles were farther away from the origin, the particles 
separated faster and approached 6 = 90°.
For an LR-configuration, it was difficult to form a particle chain under a uniform 
magnetic field and in a simple shear flow. In many cases, the strength of the viscous force was 
greater than the magnetic force, and the particle separation and orientation rates depended 
on the particle dynamics at different magnetic field strengths and at initial orientations. 
For 60 = 65° and 60 = 90°, even at the closest distance simulated, the particles repelled 
each other and their orientation varied at different particle positions in the fluid domain. 
When the initial orientation was 60 and when the magnetic field strength was H0 = 5000 
A/m (for initial distances = 3.2 and 2.4) or H0 = 10,000 A/m (for initial distance 
d*Q = 4.0), the magnetic force was initially greater than the viscous force, and the particle 
orientation rotated backwards and attracted each other, but it was eventually broken by 
the viscous force. Additionally, their orientation increased above the critical orientation, 
and the particles repelled each other. In a strong magnetic regime, the particles formed a 
staggered chain near the origin at QLR,SS. At initial orientations, 00 = 0° and 60 = 25°, the 
Janus particles with an initial distance of d*Q = 4.0 had a faster separation and orientation 
rate because the particles were initially farther away from the origin of the fluid domain. 
Alternatively, as the initial distance decreased, a chain formation became more feasible.
3.2. THE RL-CONFIGURATION
The particle dynamics for the RL-configuration at initial distances d0 = 4.0, d^ =
3.2, and d0 = 2.4 are shown in Figures 6, 7, and 8, respectively. Similar to the LR- 
configuration, at ^0 = 4.0, in Figures 6 (a), 6 (b), and 6 (d), the viscous force was stronger 
than the magnetic force. The particles distances increased at different rates, except for 
Q0 = 90° and H0 = 0 A/m. For 00 = 0°, both particles under a magnetic field strength 
H0 = 5000 A/m separated faster than at H0 = 0 A/m and H0 = 10,000 A/m. However,
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at 60 = 25°, the particles initially separated faster when H0 = 0 A/m and H0 = 5000 A/m 
than for H0 = 10,000 A/m, but the H0 = 10,000 A/m line surpassed the H0 = 0 A/m line. 
Eventually, the particle orientation was greater than the critical for the RL-configuration, 
and the particles repelled each other, as shown in Figure 6 (c). For all other initial particle 
orientations, particles under the strongest magnetic field repulsed each other faster than the 
lesser magnetic strengths. Under a uniform magnetic field greater than zero, the following 
particle orientations were given from fastest separation to slowest: 60 = 25°, 60 = 0°, 
60 = 65°, 60 = 90°. In Figures 6 (c) and 6 (e), because the magnetic force was initially 
stronger for 60 = 0° and H0 = 10,000 A/m, the particle orientation rotated backwards 
before separating under the viscous force. For particles with an initial orientation of less 
than 60 = 90°, the particle orientation monotonically increased, with the lesser magnetic 
strengths initially having a faster orientation rate before being surpassed by larger magnetic 
field strengths. For 60 = 90°, both particles under the magnetic field strengths of H0 = 5000 
A/m and H0 = 10,000 A/m monotonically decreased and then increased.
Next, the particle dynamics were observed at an initial distance of d'Q = 3.2, as seen 
in Figure 7, where chains were formed at QRL,SS for initial orientations 60 = 0°, 60 = 25° at 
the magnetic field strength H0 = 10,000 A/m. At the magnetic field strength H0 = 5000 
A/m, the viscous force was stronger than the magnetic force, and particle distances and 
orientations increased for 60 = 0° and 60 = 25°. In contrast, for 60 = 65° and 60 = 90° and 
in the presence of a magnetic field, even though their distances increased, their orientations 
first decreased and then monotonically increased. For an additional observation in Figure 7 
(a), both moderate and strong magnetic regimes caused the particles to repel. For 60 = 65° 
and H0 = 10,000 A/m, the particles initially repelled each other, and the magnetic field 
attempted to attract the particles below the critical orientation. Eventually, the particles' 
positions inside the fluid domain were far away from the origin where the viscous force 
broke the attraction. Due to the shear flow, the particle orientation was eventually above
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Figure 6. Numerical results for the RL-configuration at d *0 = 4.0. The results are presented 
for (a) the center of mass position for particle 1 (dotted-line) and particle 2 (solid line), 
(b) the distance between two particles over time, and (c) the particle orientation over time. 
The particles were observed for the initial orientations 00 = 0° (red), Q0 = 25° (blue), 
0 = 65° (magenta), and 00 = 90° (black) under the magnetic field strengths H0 = 0 A/m (no 
symbol), H0 = 5000 A/m (circle), and H0 = 10,000 A/m (cross). The particle dynamics in 
(d) and (e) are enlargement graphs for (b) and (c), respectively.
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Figure 7. Numerical results for the RL-configuration at = 3.2. The results are demon­
strated for (a) the center of mass position for particle 1 (dotted-line) and particle 2 (solid 
line), (b) the distance between two particles over time, and (c) the particle orientation over 
time. The particles were observed for the initial orientations 60 = 0° (red), 60 = 25° (blue), 
6 = 65° (magenta), and 60 = 90° (black) under the magnetic field strengths H0 = 0 A/m (no 
symbol), H0 = 5000 A/m (circle), and H0 = 10,000 A/m (cross). The particle dynamics in 
(d) and (e) are enlargement graphs for (b) and (c), respectively.
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Figure 8. Numerical results for the RL-configuration at dq = 2.4. The results are seen 
for (a) the center of mass position for particle 1 (dotted-line) and particle 2 (solid line), 
(b) the distance between two particles over time, and (c) the particle orientation over time. 
The particles were observed for the initial orientations 6o = 0° (red), 6q = 25° (blue), 
6 = 65° (magenta), and 60 = 90° (black) under the magnetic field strengths H0 = 0 A/m (no 
symbol), H0 = 5000 A/m (circle), and H0 = 10,000 A/m (cross). The particle dynamics in 
(d) and (e) are enlargement graphs for (b) and (c), respectively.
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the critical orientation, and the particles repelled each other again under the magnetic field. 
Once again, for the magnetic field strength Hq = 5000 A/m, a faster particle separation 
occurred at 60 = 25°, thus its particle orientation rate was greater than for 60 = 0°.
Finally, particle dynamics were observed at their closest initial distance dQ = 2.4, as 
seen in Figure 8. In Figures 8 (a) and 8 (b), the magnetic force was stronger than the viscous 
force for the initial particle orientations 60 = 0° and 60 = 25° at H0 = 5000 A/m, and 
60 = 0°, 60 = 25°, and 60 = 65° at H0 = 10,000 A/m. In these cases, the particle distances 
monotonically decreased until a chain was formed at QRL,SS, as seen in Figures 8 (c) and 
8 (e). At all other initial orientations, however, the viscous force was stronger than the 
magnetic force; thus, the particle distances increased at different rates, except at 60 = 65° 
and 60 = 90°, in the absence of a magnetic field. At a magnetic field strength H0 = 10,000 
A/m, the particles separated faster at 60 = 65° than all other magnetic field strengths and 
orientations. For the magnetic field strength H0 = 5000 A/m, the particle orientation 
60 = 65° had a faster separation rate than at 60 = 90°. Initially, the particle separation 
rate for H0 = 5000 A/m and 60 = 65° was slower because the particle orientation rotated 
backwards, as seen in Figures 8 (c) and 8 (e), before monotonically increasing. Similar to 
other distances the initial particle orientation of 60 = 90° monotonically decreased and then 
increased. The rates of the orientation decreasing and/or increasing, the rate of the periodic 
orientation, or chain formation depended on the particles’ positions in the fluid domain and 
the initial orientations. The further away the particles were from the origin, the faster the 
separation rate, and consequentially, the faster the particle orientation approached 6 = 90°.
As observed for the RL-configuration, it was more feasible for the particles to form 
a chain under a uniform magnetic field, including the strengths H0 = 5000 A/m and 10,000 
A/m. Similar to the LR-configuration, the particles repelled at 60 = 90°. For the initial 
orientation 60 = 0° and depending on the initial distance, the magnetic force was initially 
greater than the viscous force, and the particle orientation rotated backwards at the same time 
that they were attracting each other, but the viscous force eventually broke the attraction.
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Table 1. Values for the stable steady orientations QLR,SS for the LR-configuration. The 
absence of a value, N/A, depicts that the viscous force was more dominant than the magnetic 
force. The initial distance = 4.0 is not included because a chain does not form.
#0 d0 = 2.4 d0 = 2.4 d *0 = 3.2 d*Q = 3.2
H0 = 5000 A/m H0 = 10,000 A/m H0 = 5000 A/m H0 = 10,000 A/m
0° N/A 342° N/A 341.60°
25° N/A 342° N/A N/A
65° N/A N/A N/A N/A
90° N/A N/A N/A N/A
Table 2. Values for the stable steady orientations QRL,SS for the RL-configuration. The 
absence of a value, N/A, depicts that the viscous force was more dominant than the magnetic 
force. The initial distance d0 = 4.0 is not included because a chain does not form.
80 d'0 = 2.4 d'0 = 2.4 d'0 = 3.2 d0 = 3.2
H0 = 5000 A/m H0 = 10,000 A/m H0 = 5000 A/m H0 = 10,000 A/m
0 ° 33° 25° N/A 24.86°
25° 33° 25° N/A 24.86°
65° N/A 25° N/A N/A
90° N/A N/A N/A N/A
3.3. COMPARISON BETW EEN CONFIGURATIONS
The LR- and RL-configurations were compared. At the initial distance d0 = 4, the 
particles separated at different rates because the viscous force was larger and the particles 
repelled each other when their orientations were above their respective critical values. As 
the initial particle distance decreased, the magnetic force became more significant than 
the viscous force. The particles at the LR-configuration were more susceptible to form a 
staggered chain than the RL-configuration, and their stable steady orientations, QLR,SS and 
qrl,ss are shown in Table 1 and Table 2, respectively. Additionally, whether or not the 
particles formed a chain under a magnetic field, the particles' directions were always pinned 
at stable steady angles where (ps*’LR « (pŝ ,RL and (pŝ ’LR « $S*’RL because the magnetic 
torque was greater than the hydrodynamic torque.
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4. CONCLUSIONS
A numerical investigation was conducted based on the dynamics of two magnetic 
Janus particles under a uniform magnetic field and in a simple shear flow by DNS using a 
FEM model and applying the ALE method. Depending on the particle configurations, their 
dynamics were affected by their initial distances, their initial orientation, and the magnetic 
field strength. For the largest initial distance, both particles, in some cases, have initially 
attracted each other, but nonetheless separated due to the increased strength of the viscous 
force, and consequentially the particle orientation increased. As the particle orientation 
became greater than the configurations' respective critical values, the particles repelled 
each other and thus increased the separation rate along with the hydrodynamic separation 
from the shear flow. For initial orientations greater than the critical, the particles repelled 
each other and their separation increased. Additionally, at 60 = 90°, the particles broke the 
periodic orbiting cycle, as opposed to a simple shear flow in the absence of a magnetic field. 
For some configurations experiencing the same magnetic field strength, the Janus particles 
either connected or segregated faster than the other configuration due to their different 
critical orientations. Due to the low shear rate, the Janus particles' direction were pinned at 
a stable steady angle, and (pS1S,LR « (p^,RL and (pS1S,RL « (p̂ ,LR.
As the initial particle distance decreased, the magnetic force increased due to the 
lower viscous force near the origin. Therefore, a particle chain became more feasible 
for both configurations at a stable steady orientation. For the LR-configuration and the 
magnetic field strength of H0 = 5000 A/m, the particles separated. Alternatively, for the 
RL-configuration, a chain was formed under moderate and strong magnetic regimes. When 
their initial orientations were above their respected critical values, the particles repelled each 
other and separated under the shear flow, except for one case under the RL-configuration.
For future research involving magnetic Janus particles, the following should be 
considered:
• Exploring arbitrary initial particle directions.
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• Adding more than two particles in a simple shear flow and under a uniform magnetic 
field.
• Studying how a chain or flail of particles can break up under a simple shear flow.
• Investigating different magnetic susceptibilities where one side is non-magnetic and 
the other side has a different magnetic susceptibility (x  ^  1), when both sides are 
magnetic and have different susceptibilities, and where two or more particles have 
different susceptibilities.
• Placing two particles in a Pouiseulle and/or in a Couette flow.
• Examining at least two particles with arbitrary sizes.
Overall, in future research, the Mason number would be significant to study chain formation 
for two-dimensional studies, a three-dimensional structure formation, or ruptures in fluid 
flows. A very desirable research outcome would include theoretical or approximate equa­
tions for two Janus particles under a uniform magnetic field without a simple shear flow 
and under a uniform magnetic field with a simple shear flow. Fortunately, there are many 
research articles that have ventured into two solid magnetic particles in a simple shear flow 
and/or under a uniform magnetic field. Therefore, a possible study for future researchers 
is to compare the behaviors of two anisotropic particles with two isotropic particles and 
analyze the angular velocities, their distance separation and attraction rates, the critical 
particle orientation, and chain formations. If there existed more than two Janus particles, 
newer structures could be fabricated by anisotropic particles, as a new approach for appli­
cations in valves, breaks, dampers, etc. Furthermore, because the configurations are an 
additional variable (along with orientation, distance, and, possibly, particle direction), more 
investigations are needed to carefully evaluate chains and clusters under fluid flow, along 
with a careful numerical design and experiment on the observation and control of magnetic 
Janus particles. One way to analyze Janus particles is to evaluate how staggered chains
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and clusters, with relative configurations and stable steady orientations, can possibly affect 
the viscosity of the magnetoherological fluids, how they rearrange themselves in low and 
high fluid velocities, create complex branches under high magnetic fields, or rupture under 
high fluid velocities. Although this study only focused on a pair of Janus particles, future 
numerical applications should include a moderate amount of particles to analyze cluster or 
chain formation in fluid flows similar to how Seong et. al. (2016) and Kim et. al. (2017) 
have validated their models with past experimental applications. This research and future 
research can assist with the study and development of smart fluids that contain anisotropic 
particles for many applications in industrial and biomedical sciences.
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SECTION
3. SUMMARY AND CONCLUSIONS
This dissertation demonstrated unique and improved research to better comprehend 
non-spherical, as well as Janus magnetic particles, in different fluid environments and 
under uniform magnetic fields applied at different strengths and directions. The prior 
research subjects included various magnetic types (paramagnetic versus ferromagnetic), 
flows (Couette, shear, and Poiseuille), channel geometries (straight versus curved), particle 
shapes (ellipsoidal versus Janus), and magnetic field strength regimes (weak versus strong).
First, a novel theoretical and numerical study investigated the rotational and migra­
tion dynamics of paramagnetic and ferromagnetic elliptical particles in simple shear flows 
and under a uniform magnetic field. By establishing a dimensionless variable, the critical 
field strength for paramagnetic and ferromagnetic particles was determined. For a magnetic 
field strength less than the critical field strength, the particles' rotation was affected as it 
completed a periodic rotation; whereas, a strong magnetic regime pinned both particles to 
their respective stable steady angles. For a weak magnetic regime, the ratio between the 
particle's duration to finish the first half of its rotation versus the duration of a full rotation 
was found. In a strong magnetic regime, for a paramagnetic particle, its orientation was 
pinned at one of two steady angles. In contrast, a ferromagnetic particle's orientation was 
pinned in one of four steady angles dependent upon the particle aspect ratio and the strength 
and direction of the uniform magnetic field. When placed in a Couette flow, the particles 
migrated towards or away from the wall at different rates depending on the magnetic field 
strength and direction. The theoretical analyses explained the numerical analysis of a parti­
cle behavior near the channel wall because the Reynolds number was low (including inertia) 
and because the shear rate was based on the distance from either channel wall.
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Second, a complex three-dimensional study of paramagnetic and ferromagnetic 
particles in a simple shear flow and under a uniform magnetic field was studied theoretically. 
For the paramagnetic particle, theoretical equations described its rotational dynamics and 
stable steady directions. Some of the particle’s rotational dynamics included how its 
azimuthal angle completed periodic rotations while its polar angle oscillated towards the 
magnetic field plane in a weak field regime. Furthermore, a specific time and azimuthal 
angle was found to determine the peaks and troughs of the polar angle between oscillations. 
Contrary to the linear application of the paramagnetic particle, given the non-linear nature 
of the ferromagnetic particle’s angular velocities, a numerical approach was considered 
to study time dependent rotational dynamics. Depending on the strength and direction of 
the uniform magnetic field and the initial azimuthal and polar directions, the ferromagnetic 
particle was either pinned at a stable steady direction on the magnetic field plane -  completed 
out of plane orientations around a critical point -  or it performed orientations by spiraling 
towards its critical point.
Third, a study simulated the dynamics of paramagnetic elliptical particles in a 
curved channel and under a uniform magnetic field. By applying a uniform magnetic field 
at a direction and at a specified magnetic field strength, it was possible to control the 
particles’ radial position with respect to the inner and outer channel walls. At a certain 
particle position inside the curved channel, it was possible for a paramagnetic particle to 
rotate backwards because the magnetic torque was stronger than the hydrodynamic torque. 
Additionally, the direction of the flow rate (and effectively, the direction of the shear rate) 
caused the particle’s rotation to increase, provided that the direction of the hydrodynamic 
and magnetic torques were applied in the same direction. In many cases, as the particle 
exited the curved channel, a net positive migration from the wall existed. Particle migration 
in a curved channel and in a straight channel were also compared, and it showed that a 
particle in a magnetic field applied at a  = 0° migrated away from the wall less than in a 
rectangular channel, as opposed to a magnetic field direction at a = 90o.
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Finally, the dynamics of two paramagnetic Janus particles in a simple shear flow 
and under a uniform magnetic field were studied. Depending on the initial orientation, 
the particles either initially attracted or repulsed under a uniform magnetic field, if the 
orientation was above the respected critical value for the configuration. As the initial 
distance between particles increased, both particles attempted to attract each other, but 
the viscous force was greater than the magnetic force. As a consequence, both particles 
continued to drift away from each other. As the initial distance between particles decreased, 
it was possible for a chain to form under a stronger magnetic field strength. The RL- 
configuration, however, formed chains more often than the LR-configuration even when 
their initial distances were the same.
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